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The main object of the present treatise is to supply 
a text-book on Geometrical Optics to students reading 
for the Mathematical Tripos at Cambridge, who do 
not wish to proceed much beyond those portions of 
the subject which are required for the first part of the 
Tripos Examination. , 

The investigations are therefore not carried be- 
yond Jirst approxiTnations, The discussion of the 
position of the foci of obliquely incident pencils has, 
however, been brought within this boundary, instead 
of being derived from the second approximations 
for direct pencils. 

The Author hopes that the book may be useful 
to a wider class of students, not realdm^ va. «x!k^ 
ZJniVersity, by giving to tlieia a coxLCSssfe n\ksit ^'l '^'^^ 
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mathematical explanation of instrnments, with, the 
practical details of which they are &miliar. 

The Author wishes to express his acknowledge- 
ments to several friends, for hints and suggestions, 
and especially to Mr "W. M. Spence, Fellow of Pem- 
broke College, Cambridge, for his valuable assistance 
in revising the book as it went through the press. 

College of Physical Science, 

Nbwcastle-upon-Ttnb, 
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CHAPTER I 

LAWS OF REFLECTION AND EEFRACTION. 



1. rpHE subject of Optics divides itself naturally 
JL into two distinct parts. 

One of these consists in the deduction by geometrical 
or analytical methods of the consequences of a few well 
ascertained laws which govern the simplest phenomena of 
light. The second consists in the explanation of the me- 
chanical or physical causes which produce those pheno- 
mena. These two branches of the subject are usually known 
as Geometrical and Physical Optics respectively, and it is 
with the former exclusively that the present treatise is 
concerned. We shall not discuss the physical causes of 
the propagation of light, but taking certain laws for grant- 
ed, we shall endeavour to trace out some of their more 
interesting and useful consequences. It will be necessary 
to commence with a few important definitions and expla- 
nations. 

2. When we are in a place exposed either to the light 
of the sun or any artificial source of light, we are sensible 
of the existence of objects surrounding us. If the light of 
the sun be excluded or the artificial light extinguished, 
we cease to be able to perceive by sight anything that is 
near to us. Such bodies as the sun or a lighted lamp have 
therefore the property of rendering us sensible by sight 
not only of their own existence, but of that of all other 
bodies on which they shed what we call their light. Bodies 
which have this power are called 8eVi-\uxQQXiov]A\>Q^<^'^ ^"Ck. 

A, 0,0. \ 



2 Laws of Reflection 

the other hand, bodies which require the presence of some 
self-luminous body in order to render us aware of their ex- 
istence by sight, are called non-luminous or dark bodies. 

3. We assume that the sensation of sight is produced 
by something (not necessarily material) which comes from 
the thing seen and enters the eye. Experiment shows 
that it proceeds in straight lines. We assume farther that 
this something, which we shall in future call light, proceeds 
to the eye from every material point of any body which is 
seen. The quantity of light which proceeds from any ma- 
terial point of a body to the eye we shall call a pencil of 
light. We shall also suppose that the form of this pencil 
is a cone, whose vertex is the luminous point, and whose 
base is the portion of the eye which admits light. 

4. If we suppose the vertical angle of this cone to be 
indefinitely diminished, we get a certain quantity of light 
which may be considered as a straight line, and is called a 
ray. It is not necessary for our purposes that such a small 
quantity of light shall be actually able to exist separately, 
but it is evident that we may suppose the pencils we have 
before considered to consist of an indefinite number of 
small portions, such as we have defined as rays. 

We may then give the following definitions : 

(1) A pencil of light is the portion of light, by 
means of which a given material point of any object might 
be seen by an eye suitably placed. It is generally con- 
sidered to be of a conical form with the material point at 
its vertex. 

If the material point be at an indefinitely great dis- 
tance, the cone will assume a cylindrical form. 

(2) A ray of light is the limiting form of a pencil of 
light when the solid angle at the vertex of the cone is in- 
definitely diminished. It is usually considered to be a 
line; and in accordance with a remark previously made, it 
is a straight line as long as it continues in the same me- 
dium. A pencil is conceived to be made up of an infinite 
number of such rays. 

5. We know by experience that if there be nothing 
but air or vacuum between us and any luminous object, the 
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light of that object is able to reach our eyes. If we inter- 
pose a piece of glass, or ice, or a rectangular vessel of 
glass containing clear water between our eyes- and the lu- 
minous object, the light is still able to produce the sense 
of sight. 

If, on the other hand, we hold up a piece of wood or 
iron between our eyes and the object, the latter becomes 
inyisible to us, the light not being able to traverse the 
"wood or iron. 

"We thus get an optical distinction between different 
classes of bodies. Some bodies permit light to traverse 
them more or less freely and regularly: others refuse to 
allow it to pass at all. Bodies of the former .class are 
called transparent bodies ; of the latter, opaque. 

6. There are some bodies, as alabaster, porcelain, 
.which, when held up between our eyes and a strongly lu- 
minous body, as the sun, allow light to pass in an irregular 
way, but do not permit us to see the luminous body dis- 
tinctly. Sach bodies are called translucent. Light trans- 
mitted through such bodies will not be farther considered 
in this book, as it obeys no simple geometrical laws. 

7. When a body is considered with reference to its 
power of transmitting light, it is usually called a medium. 

8. When a pencil of light proceeding in one medium is 
incident on the surface of another transparent medium, it 
is usually divided into three parts. 

(1) A portion is reflected back into the original 
medium according to a law to be hereafter stated. 

(2) A portion passes into the new medium accord- 
ing to another law to be hereafter stated, and is said to de 
r^racted into the new medium. 

(3) A third portion is employed in rendering visible 
the suriface which separates the two media. 

For instance, when the sun is shining on a window, the 
sun's light comes through the air, and is incident on the 
plane surface of the glass. Some of this light goes into thf& 
glass, and again passes out into Uie &\r qh \Xi^ <^^iX^&x ^i^« 
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as is proved by the luminous patch resembling in its gene^ 
ral shape the window, which is seen within the room ; and 
also by the fact that an observer within the room can see 
the sun distinctly. This is the second or refracted portion. 

Some of the light is reflected externally, as is shown 
by the fact that an observer outside the room can see the 
sun's image reflected in the window just as in a looking 
glass, only not so vividly. 

This is the first or reflected portion. 

A third portion is employed in rendenng the window 
visible, and is said to be scattered. The observer outside 
will be able to see the specks and marks on the surface of 
the glass^ by means of this portion. If the glass of the win- 
dow were perfectly smooth and clean, this portion would 
pi'obably not exist, and the whole of the light would be 
either reflected or refracted. 

We shall at present only consider the reflected and re- 
fracted portions. 

9. Before stating the laws which regulate the direc- 
tions of the reflected and refracted portions corresponding 
to a given incident pencil, we must define a few terms 
which will be of constant occurrence. 

The straight line drawn at right angles to a plane at 
a given point is called the normal to the plane at that 
point. 

We know, from the example of the earth, which is 
really spherical, but of which any small portion appears to 
be a plane, that any portion of a spherical surface suflS- 
ciently small in comparison with the size of the whole 
sphere may be considered as a plane. The normal to a 
spherical or other curved surface at any point is the line 
drawn through that point at right angles to the plane, 
with which the small part of the surface immediately sur^- 
rounding this point may be supposed to coincide. In the 
case of a sphere the reader must assume, if it be not ob- 
vious to him, that the normal at any point is the straight 
line joining that point with the centre of the sphere. 

10. If a ray of light in its progress from the original 
point from which it emanates comes to the surface of a dif- 
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ferent medium from that in which it is at first propagated, 
it lA said to he incident on the second medium. 

In this case the plane containing the incident ray and 
the normal to the surface which separates the second me- 
dium from the first is called the plane of incidetice of 
the ray. 

The angle between the incident ray and the normal to 
the bounding surface is called the angle of incidence of 
the ray. 

11. When a ray is so incident, the following laws 
go?em the directions of the two portions of it which are 
respectively reflected and refracted. 

(1) The reflected and refracted rays both lie in the 
plane of incidence of the original ray and on the opposite 
side of the normal to the surface to that on which the inci- 
dent ray lies. 

(2) The angle which the reflected ray makes with 
this normal is equal to the angle which the incident ray 
makes with the normal. If we agree to call the angle be- 
tween the reflected ray and the normal the angle of reflec- 
tion, this law may be concisely stated thus— the angles of 
incidence and reflection are equal. 

(3) The sine of the angle which the incident ray 
makes with the normal bears a constant ratio to the sine 
of the angle which the refracted ray makes with the nor- 
mal to the surface ; constant, that is, for the same kind of 
light and the same media. 

This constant ratio is called the index qf rtfraction or 
refractive index from the first medium into the second. 

If the first medium be a vacuum, this constant ratio is 
called the absolute index of rtfraction of the second me- 
dium. 

If the second medium be denser in substance than the 
first, this ratio or refractive index is greater than unity j as, 
for instance, when light passes from air to glass. 

12. Thus, for instance, let us suppose the plane of 
lacideDce of a ray PO to coindde mtVi \K<d ^^asL<b ^V ^^OiS^ 
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paper, and let NON' be the normal to the surface diyiding 
the media, at the point where the ray is incident. Let 
AOB be the line of intersection of this bounding surface 
with the plane of the paper. 




By the first law, the reflected ray OQ and the refracted 
ray OR will both lie in the plane of the paper, and to the 
left of ON, as we have drawn OP to the right of ON. 
Also OQ lies above AOB and OR lies below AOB. 

The angle PON is the angle of incidence. 

The angle NOQ is the angle of reflection. 

The angle NOR is the angle of refraction. 

If we call these angles <t>, <^% <t>' respectively we have 
by the second law 

and by the third law 

- — ^=a constant which we may caU u. 
sm 9 

These equations determine <f/' and ff> when ff> is known. 

If the second medium be of a denser nature than the 
first, /i is greater than unity, as has been already remarked; 
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^ is consequently greater than </>'. Thus, in passing into a 
denser medium a ray of light is bent towards the normal 
to the bounding surface ; on the other hand, in passing from 
a denser medium into one less dense, the light is bent 
away from the normal. 

13. It is usual to consider separately the two portions 
into which the ray is divided, and to speak of a ray as 
reflected, or refracted, at a given surface when we mean 
that we are 6nly going to discuss the position and direc- 
tion of the reflected or refracted portions respectively. 

14. It is found experimentally that if a ray PO when 
incident on the surface of a second medium be refracted 
in the direction OR, a ray coming in the second medium 
in the direction RO will be refracted along the line OP, 

If we call the two media A and B respectively, and 
denote by a^^b the index of refraction from the first medium 
into the second, and by i^a the index of refraction from the 
second medium into the first, we have with our previous 
notation 

sin <^ 
sin<^'"-"*" 

sin <f>' _ 

whence b/*^= — (1). 

Again, it is found by experiment that a ray of light 
after passing through any number of media bounded by 
parallel planes, as for instance through a number of plates 
of glass of different kinds, when it comes again into a 
medium of the same nature as that from which it originally 
was incident on the plates, will be in a direction parallel to 
its original one. 

Thus let A be the original medium, and let PQRSThe 
the course of a ray in passing through portions of two 
media B and C bounded by parallel plsmes. 

Let (j) be the angle of incidence on B, <f>i the angle of 
re&uction into B; it is evident that 4>i ^^ ^^i^ ^ *^^ 
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angle of incidence on C. Let ^, be the angle of refr 
into Cy which will also be the angle of incidence 
while by the above remarks </> will be the angle of r 
tion into A again. Then we have, with the notatic 
plained above, 



sin <f> 
Bin<^ 



sin^ _ sin <^, _ 



which, since by means of equation (1) 



1 



gives ns 



AfJLC^AfJ^B^BfJlC (* 

One great use of this equation is to connect the re 
index of refraction between two media with their abt 
refractive indices. 

Thus let r/Lt^ be the index of refraction from va 
into -4, that is the absolute refractive index of A (Ar 
and let f/^b be similarly the absolute refractive index < 
Then by the above equation 
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Simnarly, or by (1), ) (3). 

These results (1), (2), (3) are of considerable importance. 

15. Let us again consider the equation 

8in(^=/isin<^', 

or sin 6'=- sin ^, 

which connects the angles which the directions of the ray 
in the first and second medium respectively make with the 
normal to the separating surface. Assume also that fi is 
greater than unity, so that the second medium is denser 
than the first. 

It is evident that, if <^ be given, since sin <f> is less than 
sin <^, and therefore less than unity, a real value of <f> 
can always be found. Hence if a ray of light be incident 
from a rarer medium on a denser, the ordinary law of re- 
fraction always gives a direction for the refracted ray. 

If, on the other hand, <l> be given, sin <^ may happen to 
be greater than unity and no real value of ^ can be found.' 
This will be the case if 

sm0 >-, 

and for values of <^' exceeding the value given by the 
equation 

sin d> = - (1), 

ft 

no direction for the refracted ray is given by the ordinary 
law. 

In the case of any two media, the greatest angle at 
which a ray, proceeding in the denser medium, can be 
incident on the rarer so as to be refracted into the rarer, is 
called the critical angle between tho%e medicu ^^Xs^ ^^^e^i^ 
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is given by the equation (1), where /m indicates the refrac- 
tive index from the rarer to the denser medium. 

If the rarer medium be a vacuum^ fi will be the abso- 
lute refractive index of the denser medium and the cor- 
responding critical angle is called the absolute critical 
angle, or sometimes simply the critical angle of the denser 
medium. 

16. It is found by experiment that when a ray of light 
is incident on a medium rarer than that in which it is 
moving, at an angle greater than the critical angle between 
those media, the whole of the light is reflected; the re- 
fracted portion does not exist. This is known as the phe- 
nomenon of total internal reflection, 

17. We have hitherto considered the second medium 
to be a transparent medium capable of transmitting light. 
If it be opaque, as when light is incident on the polished 
surface of metal, the refracted portion does not exist, or, 
at any rate, does not make us sensible of its existence. 
There is however in this case a reflected ray following the 
laws given previously in Art. 11. The amount of light in 
the reflected ray is not so great as in the incident ray, and 
is much less than in the case of total internal reflection 
given in the last Article. 

We have thus far considered the modification produced 
in a single ray by reflection or refraction at a surface. 
We have to consider in the next Chapter the more com- 
plicated modifications produced in a pencil by such refrac- 
tions or reflections. 



EXAMPLES. CHAPTER I, 



1. Find the angle of refraction, when a ray is refracted from 
vacuum into a medium whose refractive index is v'2, the angle 
of incidence being 45®. 

^ 2, The angle of incidence being 60^, aaoA \J[» Vo.^<st 0.1 x«^, 
fraction being VS ; And the angle o£ xeirwi^OTi. 
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3. The absolute refractive indices of two media being 
V(5) — 1 and 2 respectively, find the angle of refraction of a ray 
incident in the first medium on the second ; the augle of inci- 
dence being 30^. 

4. A person looking over the rim of a cylindrical cup is 
unable to see the bottom. When water is poured in, part of the 
base of the cup becomes yisible. Explain this. 

5. The height of a cylindrical cup is 4 inches, the diameter 
of its base is 3 inches. A person looks over its rim so that the 
lowest point of the opposite side which he can see is 2\ inches 
below the top. The cup is filled with water; looking in the 
same direction he can just see the point of the base farthest from 
him. Find the refractive index of water. 

^ 6. A ray of light is incident on a refracting surface whose 
refiBotive index is /t, at an angle tan~^ /t. Show that the angle 

of refraction is tan"^ - . 

s/ 7, A. ray of light is incident on a refracting sphere^ whose 
refractive index is y/d. It is refracted into the sphere, and when 
it is incident on the inner surface of the sphere, part is reflected 
internally, and part is refk'acted out into vacuum. Show that if 
the original angle of incidence be 60®, these two parts are at 
right angles to each other. 

8. In the last question, show that if the part internally 
reflected be again incident internally and be refracted out into 
vacuum, its final course will be parallel to that of the ray first 
incident. 

9. A ray is incident on a refracting sphere whose refractive 

index is ^ , at an angle whose sine is — ^ . Show that if the 

T9kj be refracted into the sphere, that portion of it which emerges 
after having been twice internally reflected will be in the same 
direction as the original ray. 

'-y 10. Show that a pencil of light emanating from the focus of 
a prolate spheroid whose inner surface is reflecting, will be ac- 
oorately reflected to a point. Show also that a pencil of li^ht 
emanating from the focus of a paraboloid oi x^NC^M^v^Ti ^\lk^%.^ 
concave Burfac^ ia refl^cting^ wiU be re^ec^^d. «a ^ v^xi^s^ ^ 
pamUelmya, 
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'V 11. A luminous point is placed at the focus ol 
the inner side of whioh can reflect light. Prove th 
-after two reflections from the curve will return to the 
which it started, and will have travelled over a distan 
twice the axis major of the ellipse. 

12. A ray passes through four media whose absoli 

tive indices are ^3, ^^6, ^2, and — — '^ respect! 

angle of incidence on the second medium from the fii 
45^. Find the angles of refraction into the second, tl 
fourth media respectively. 

13. A ray proceeding from a point P, and incidei 
plane surface at 0, is partly reflected to Q, and partly re 
to i2 : if the angles POQ, POR, QOR be in Arithmetic P 
sion, find the angle of incidence, /i being the index of refh 
Explain the result when fi=2, 

14. If the angles POQ, QOR and ROP be in Arith 
Progression, in the last question, find the angle of incideno 

15. ABO is a triangle, the interior of the sides of « 
can reflect light. In the side £0 are two small holes a 
and Q. Find the position of a point outside the triangle, 
that a ray of light proceeding from it so as to enter throu( 
may be reflected so as to pass out through Q, and also a ray 
it entering through Q may be reflected out through P. 

16. A ray of light is incident on a concave refracting ap 
cal surface of radius r. Its direction before refraction cuts the 
of the surface at a distance fir from the centre of the spi 
Show that after refraction its direction will cut the axis 

distance - from the centre of the sphere. 

17. A ray of light proceeds from one point P of an ell 
and falls upon a reflecting plane at one focus. Find the pos 
of the plane, that after reflection the ray may pass throuj 
given point Q of the ellipse. 

18. If a ray proceeding from the extremity of one dian 
of an ellipse be reflected at the curve so as to pass throng] 
other extremity of this diameter ; prove that the l^igth €i 
path of the ray is the same whatever diameter be takea* • 
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19. In the last question, prove that, if 0, 0' bo the eccen- 
aric angles of the extremity of the diameter and the point where 

ihe reflection takes place, tan <f> . tan <!>'= — ^; a and I being the 

lemiaxes of the ellipse. 

'^ 20. A ray of light emanating from a point P of an ellipse, 
lifter one reflection at the inner side of the curve, is again re- 
Bected at the opposite extremity of the diameter through P. 
Prove that after another reflection it will return to P, and then 
retrace its path, having described a parallelogram. 

21. A ray of light is incident upon a refracting sphere, 
whose refractive index is y/S. The refracted ray and the inci- 
dent ray produced cut the sphere in points the arc joining which 
subtends an angle of 60^ at the centre. Find the angle of 
incidence. 

22. The length of the path of a ray which passes through 
two plates of difierent media in contact, bounded by parallel 
planes, is ay/Z in the first medium and 2c in the second. The 
thicknesses of the plates being a and c respectively, find the 
refractive ifidex from the first plate into the second. 

^ 23. Prove that light which has been refracted into a sphere 
from vacuum can never be totally internally reflected. 

24. If light be incident on the curved surface of a hemi- 
iphere of a refracting medium in a direction parallel to its axis, 
shew that there will be no total internal reflection at the plane 
surface, unless the refractive index is greater than y/2, 

25. Three plane mirrors are placed so as to be all perpen- 
dicular to the same plane, their intersections with which form an 
acute-angled triangle ; a ray proceeding from a certain point in 
this plane after one reflection at each of the mirrors proceeds on 
its original course. Show that the point must lie on the peri- 
meter of the triangle formed by joining the feet of the perpen- 
diculars from the angular points of the original triangle on the 
opposite sides. 

26. The concave side of an equiangular spiral being polished, ' 
prove that a ray of light once a tangent to the spiral will be 
always a tangent to the spiral, however often it may be reflected 
at the curve. 

27* A ray of light is incident on a portion of a refracting 
medium in the shape of a prolate spheroid', tVie ecceoXftfSkX-'j ^1 
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the generating ellipse is e, and the refractive index is - . The 

ray being incident parallel to the axis of the spheroid, show that 
after refraction it will pass through one focus. 

28. A pencil of rays emanates from a point at a distance fur 
from the centre of a refracting sphere whose radius is r and 
refractive index fi. Prove that the extreme inddent rays on 
emergence intersect a screen touching the sphere at the point 
oppodte to the origin of light, in a circle, whose radius i9 
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29. If a ray of light be reflected at a plane surface^ the 
incident and reflected rays make equal angles with any line 
lying in that plane. 

30. If a ray of light be refracted at a plane surface, tlM 
cosines of the angles which the incident and refracted rays xe> 
spectively make with any straight line lying in that plane are ill 
a constant ratio. 



CHAPTER II. 

REFLECTION AND REFRACTION OF DIRECT 

PENCILS. 



18. TF we consider a i)encil as made up of an infinite 
JL number of rays all proceeding from a common 

point, it is clear that if such a pencil moving in one medium 
be incident on the surface of a second medium, it would be 
theoretically possible to calculate the direction of the re- 
fracted and reflected rays corresponding to each incident 
ray, and by considering the assemblage of these rays to 
obtain an idea of the form and position of the reflected 
and refracted pencils. The difficulties of calculation are 
bowever too great to allow this ordinarily to be done; and 
we have to content ourselves with approximations. 

Approximate results can in all practical cases be ob- 
tained, so near to the truth that they represent the ob- 
served phenomena as accurately as the eye can discern 
them. 

In practice the only surfaces at which reflection or re- 
fraction takes place in optical instruments are plane or 
spherical surfaces, or small portions of surfaces of revolu- 
tion which are symmetrical with respect to the axis of 
revolution. These last can be always considered to coincide 
with portions of a sphere which has the same curvature as 
the surface of revolution at its vertex. 

We shall therefore only consider the cases of plane and 
spherical surfaces. 

19. In one case of great importance the accurate form. 
and position of the r^ected pencil can \>^ c>>Q.\aMv^^\ 
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namely, when a pencil of light is reflected at a plane re- 
flecting surface. 

Let O be the origin of light, that is, the vertex of the 
cone which is the pencil of light 



Jt d 




Let OA and OB be the two extreme rays of the pencil 
in any section of the pencil by a plane through its vertex 
and perpendicular to the plane of the mirror. Let OC be 
any other ray in this section. Let HAB be the plane Bar- 
face at which reflection takes place. 

Draw Oiy perpendicular to HAB and produce it to (y, 
making HO' equal to HO. Join (7C, and produce it to R- 

Then it is evident that the triangles OHC^ OHO are 
equal in all respects, and therefore that the angles COH^ 
CO' H Site equal. But these are equal to the angles whidi 
OC, CR respectively make with CN the normal to HAB 
at C Hence OC being the incident ray, CR will be the 
direction of the reflected ray. 

The reflected rays corresponding to the different inci- 
dent rays will thus all pass through the point C, and the 
reflected pencil which is made up of all these reflected 
rays will be a cone with (7 as vertex, and with that por- 
tion of the reflecting surface on which the incident rays 
fall for its basa 



^ 
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20. Thus if CD be a plane reflecting sorfaoe of any 
kind, as for instance the surface of the still wat^r of a pond^ 




and A be any point which emits light, some portion of 
that light will fall on the part PQ of CD and be reflected 
in the form of a cone whose vertex is a point A\ obtained 
by drawing AH perpendicular to CD and making HA' 
equal to HA. An eye suitably placed, as at B, will receive 
the reflected pencil precisely as if the light did really pro-^ 
ceed from A', and will therefore see a luminous point at A' 
similar to the original point at A. 

If there be a series of points above the mirror, each of 
them will have its corresponding point below the mirror, 
and thus the eye will see an exact copy of anything ab6ve 
the mirror, inverted and at the same distance below the 
mirror, as the original object is above. This explains the 
reflection of trees, houses, &c., seen in the surface of a still 
lake or river 



21. In the last article it is evident that the amount of 
light, or the size of the pencil, which is employed in giving 
vision of the point A or A\ is really limited by the size of 
the aperture of the eja The fm ot \»Vi^ ^u<(s^\q^ ^^^^ 
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cases is. sometimes determined by the eye which flnany re- 
ceives it^ but more frequently, in the case of any oompli' 
cated series of refractions and reflections, by the size of 
some one or other of the reflecting or refractii^ snr&ces 
on which the light fieJls. 

In all cases whidi we shall haye to consider, the pencils 
will be Tery slightly divergent, that is, the solid angles of 
the cones of light considered will be very small 

22. The central ray of the pencil, or more strictly the 
geometrical axis of the cone of light» is called the axis 
of the pencil. 

In any case of reflection or refraction, when the axis of 
the pencil coincides with the normal to the refracting or 
reflecting surface at the point of incidence of the axis, the 
pencil is said to be directly incident on the surfaoa 

If the axis of the pencil do not coincide with the nor- 
mal to the surface at the point of incidence, the i>encil is 
said to be obliquelj/ incident 

Thus, the axis of the pencil by which the point A is 
seen in the figure of Art 20, is obliquely incident on the 
mirror CD. 

23. We shall first consider the effect of reflection and 
refraction when a small pencil is directly incident on a 
plane or spherical surface. 

The first case, that of a pencil of any size reflected at a 
plane surface has been discussed in Art 19. The reflected 
rays will form a cone whose vertex is at a point as ht 
behind the mirror as the original point is in front of it. 

24. Secondly, we have to consider the case of a pejucSi 
of light whose axis is directly incident on a plane sor&ce 
capable of r^racting Hght 

Let AB be a portion of the refructing surface, QJ 
the axis of the incident pencil, QR any other ray of the 
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pencil ; NBjNT the normal to the surface at B, ^hich is of 
course parallel to ^ Q. 




Let fi be the'index of refraction from the first medium 
into the second. Then by the law of refraction, if RS be 
the refracted ray, we have 

BmQRN^nemSBN', 

or 8mBQA=fiBiaBqA, 

if SB produced meet ^ Q in ^, 

AB AB 
BQ"^^' Bq ' 



or 



• • 



Bq-lt.BQ 



(1). 



This equation gives a relation by which the distance 
from A of the point where the refracted ray produced 
backwards meets the axis of the incident pencil can be 
determined. It is quite clear that the axis QA of the 
incident pencil is also the axis of the refracted pencil, 
.since the refracted rays will be symmetrically placed with 
respect to this line. 

It can be shown by means of equation (1) that if the 
pomtion of B change, that of q will also change. Thus 
the refracted rays do not all accurately \^aa& t^i:<2iv\!^ ^\^^ 
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point ; and the refracted pencil is not accurately of a conical 
shape. 

Nevertheless, if the original pencil be small, as is the 
case in all, or nearly all, the pencils we have practically to 
employ in optical instruments ; by supposing AR very small^ 
we shall find a limiting position of g, such that the rays 
of the refracted pencil will all very nearly pass through it, 
and which may thus be considered as approximately the 
vertex of the refracted pencil. 

If we make R to approach indefinitely near to A, and 
J* to be the limiting position of q, we get from (1) 

AF=yL,AQ, 

AQiA usually denoted by the letter u, and AF by the 
letter v : this equation then becomes 

« = /iM (2). 

25. In any case of direct refraction or reflection the 
axis of the incident pencil is also the axis of the reflected 
or refracted pencil 

The point which may be considered as approximately 
the vertex of the reflected or refracted pencil is obtained 
as in the last Article, and is called the geometriccU focm 
of the pencil after refraction or reflection. 

The geometrical focus of a pencil after direct refrac- 
tion or reflection may be defined as the limiting posir 
tion of the point of intersection of any refr*acted or re- 
flected ray with the axis of the pencil, when the point of 
incidence of the ray in question approaches indefinitely 
near to the point of incidence of the axis. 

26. We have next to examine the position of the geo- 
metrical focus of a pencil directly rejected at a spheHcai 
surface. 

Let QA be the axis of a pencil directly incident on a 
'pherical reflecting surface. The incidence being direct, 
lA is the normal at A, and the centre of the sphere 
lust consequently lie ia AQ. 
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Lefc QB be any ray of the peDcil, incident at B, Join 
OE^ and draw 2?^ so as to malLe the angle ORq equal to 




the angle ORQ^ then it is clear that Rq will be the re- 
flected ray. 

As B approaches Aj the point q^ in which Rq cuts AQ, 
will assume some limiting position. Let this be F. Then 
jPis the geometrical focus whose position is required. 

Since the angle OBQ is equal to the angle OBq we 
have by Euclid vi. 3, 

QO : Oq :: QB : Rq, 

or in the limit when R approaches indefinitely near to A, 
and consequently qto F, 

QO:OF::QA : AF (1). 

Let AO=r, AQ=u, AF^v, 

Then fiom (1) r—u :v-r::u: «?, 
.'. (r-w)«?=(t?— r)w, • 
.*. rv-\-ru=2uVy 
or dividing by urv, 

1 + 1 = ? (2). 

V u r 

We have drawn the mirror concave, and have supposed 
the points Q and q to be on the same side of ^ as the 
centre of the surface. 

It will be found that the formula (2) will be universally 
true whatever may be the relative poai\ioi!i& ^i N3afe ^\ss^ 
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Ay Q, and F, if the conveniion be adopted that Imes 
measured in one direction from A, say to the right of Af 
shall be considered positive, and lines measured from A in 
the opposite direction shall be considered negativa 

27. For instance, if the mirror be convex as in the 
figure, we still have from the law of reflection, by Endid, 

VI. A, 

QO : Oq :: QB : Rq, 




or in the limit 



QO:OF::QA : AF, 



and writing — r for OA, +u for AQ, and -« for AF, we 
have 



as before. 






The student may draw other figures for himself, and 
verify that in every case the formula (2) of the last Article 
holds. 

28. It is sometimes convenient to take the centre of 
the spherical surface as point of reference. In this case 
we shall take the figure of the last Article as the typical 
pne, because in that figure all the distances involved 
are measured from in one direction^ and may be 
considered positive 
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ave 



ice 



ice 



QO:OF::QA:AF, 

P :q iip-r : r— ^, 

p{r-q)=q{p-r\ 
pr-^-qr=2pq, 

p q r 



liis formula, like that in Art. 26, can be adapted to 
ises by the conyention with regard to signs explained 
rt26. 

!9. We have finally to investigate the position of the 
aetrical focus of a pencil directly incident on a tpheri- 
'^racting surface, 

jet O be the centre of the sphere, Q the vertex of the 
) of light whose axis is incident at A, 8ince the in- 
nee is direct, QA coincides with OA, 




Let QB be any ray of the pendl, incident at JR, and RS 
corresponding refracted ray. Prodoc© BS \iwtoiw^ 
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to meet AQ in q^ and let J* be the limiting pontioii of i 
when R approaches very near to A, 

By the law of refraction, if /i be the refractiYe index, 
«iXLQBO=yi%mqRO^ 

•\ ^^ * ^"^ ^^^ = ft . ^ sin qOBf 
or QO.qB=fi.qO.QB. 

Hence in the limit when B approaches yery near to i, 
and ^ to i^, 

QO.FA^fiFO.QA, 

whence if AO=r, AQ=Uy AF=% 

(r-'M)t?=ft(r— «) u, 

or dividing by urv 

V u r ' 

30. The formula proved in the last Article is of fdnda- 
mental importance. It virtually contains all that havB bera 
given before. 

Thus we may consider a plane surface as the lindting 
form of a sphere whose radius is infinite; and this by 
making r infinite, we shall get the geometrical focus i)r a 
pencil of light directly incident on a platie refracting sm^ 
face. The formula of the last Article becomes in this case, 

"-^ = 0, 

or v=fiu, 

the formula of Art. 24. 

Again it is found, and the reason will be given in the 
next Article, that any formula for refraction will give the 
corresponding formula for reflection, by giving to fi the 
value — 1. Thus the formula for the geometrical focus of 
a pencil of light, directly reflected at a spherical auifaoeb 
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obtained from that of the last Article by this sab- 
Q. The formula becomes 

V u r' 



1 1 2 

- + - = -, 
V u r' 



le as in Art 26. 



reflectlQn at a plane surface we either make r 
in this last formula, or put /i equal to *1 in the 
. « = /itt. Either of these methods giyes 



t?=— w. 



^ with the geometrical result of Art& 19 and 23. 

The derivation of formulae for reflection from cor- 
ling formuliB for refraction by the substitution 
or fi can be explained by the following^ considera- 




PQ be any ray incident on a refracting surfiEU^ 
id let QR be the corresponding refracted ray« Let 
the normal drawn internally. 
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Then by the law of refraction QR is drawn dbote Q^ 
at an angle ^' determined by the equation 

sin ^'=- sin <^. (1), 

where ^ is the angle of incidence. 

In this equation, put ft = — 1, 

.'. sin<^'=— sin^, 

.*. <f> = —<p. 

Now as a positive yalue of (j/ indicates a line drawn \ 
an angle <l/ ci>ove QN, a negative value of ^' will indicai 
a line drawn below QN. Hence consistently with the nsu 
geometrical interpretation of positive and negative, tt 
line given geometrically by the equation (1) when /a= -^ 
is a line QS below QN, inclined to QN at an angle equ 
to the angle of incidence, that is, the equation in that can 
determines the direction of the reflected ray produce 
Hence all formulae which give the point of intersection • 
a refracted ray with a given line, will determine the corr* 
spending point in the case of a reflected ray by tl 
substitution /i= — 1. 

32. We have now determined the position of tl 
vertex of a pencil of light after refraction or reflectio 
when directly incident on a plane or spherical surface. 

Before proceeding to examine the case of obliquely ii 
ddent pencils, we must consider a little fEurther the formul 
of Arts. 26 and 29. 

33. Taking the formula 

1 1 2 

- + - = -, 
V u r 

which connects the distances of Q and F from ^ in tl 
case of a reflecting spherical surface, we see first that tl 
points Q and F are interchangeable, that is, if Q move 
where i^ is at any time, F will move to where Q w 
previoufiily. 

Tl^e points Q and F are sometimes called cor^uga 
a. 
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Wbeil the original pencil consists of parallel rays Q is 
it an indefinitely great distance and -=0. Hence AF or 



u 
r 



"=2- 

This position of the point F is sometimes called the 
principal focus of the reflecting surface. 

Similarly from the formula, 

v u r ^ 
[mtting t«= 00, or -=0, we get i>=-^ . 

The point i^ whose distance from A is thus determined 
is called the principal focus pf the refracting surface. 

34. Again, taking the formula 

112 

- + - = -, 
V u r 

it is easy to trace out the changes in the position of F 
corresponding to various positions of Q. 

First we may notice that if u mcreases, v must decrease, 

since - + - remains of invariable value. Hence Q and F 
V u ... 

move in opposite directions. 

V 

When Q is at an infinite distance to the right hand, 
0=-, and hence J* is at a point /\ half-way between A 
and 0, 
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As Q moves up towards O, F also moves towards 0, 
and at O they coincide; for when u»r, f7=r. 




When Q moves from to JFi, iP moves from O to a 
great distance to the right, and when Q is at ^^9 ^-\% 
.*. f? = 00 , and the reflected rays are paralleL 




When Q is between F^ and A^ F moves up from a 

great distance to the left towards A^ v being negativei 

T 12 

since tt< - , and consequently - > - • 
2' ^ '' u r 
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When Q » iodefinitelj near to ^, - is very large and 

positive, and therefore - mnst be very large and negative. 

Thus F mnst approach indefinitely near to A, and when Q 
reaches A, F also reaches A, 




When Q is to the left of A (which can only be the case 
when, by some artificial process of refraction or reflection, 
we have made a pencil of light converge to a point behind 

A)y u is negative, and v will be positive and <-. Hence 

F lies between A and F^, KaQ moves &rther to the left, 
F approaches nearer to F-^^ till when Q has got to a point 
at an infinite distance to the left of ^, t«= qo , and F coin- 
cides again with F-^, 

35. From the formula 

V u r * 

we see that in the case of refraction at a spherical 
surface u and v must increase or decrease together. Hence 
Q and F move in the same direction. 

The student can easily verify the following facts. 

(1) When Q is at an infinite distance to the right of A 

^ is at a point Fi such that AF^ « -^^ , 

M-1 

(2) As Q moves from an infinite distance up to O, jP 
moves from F^ to 0, and at they coincidd. 
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(3) As Q moves from to A, F also moyc^ fro 
Ayheiag nearer to than Q is, and at A, Q and- 2 
coincide. 

(4) As Q moves from ^ to a point ^^ at a d 
- to the left of A, F moves from ^ to an infin 



tance to the left of A, 

(5) As Q moves from J*, to an infinite distance 
left of Ay F moves from an infinite distance to the i 
^ up to the point F^ previously mentioned. 

36. In the two previous Articles we have suppoi 
spherical surfaces concave to the right. The 8tud< 
examine the cases in which th^ are concave to t 
and r consequently negative. 

37. It is sometimes convenient to replace the f 
of Art 29 by a formula giving the distances of the 
gate foci from the centre of the surface instead c 
the point A, In this case we shall draw a figure w 
spherical surfiEtce concave to the left, in order that 
lines may be positive. 

Let QR be any ray of the pencil, incident at . 
Xiroduced backwards to meet the axis in ^, the corrc 




ing* refracted ray. Let F be the limiting positio 
when R oomes to A. 
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Then as before 

8in QRN= fi sin qRN, 



.-. QO.qB^fi.qO.QRy 



or in the limit 



QO,FA=fi.FO.QA. 
LetOQ=p, OA=ry OF^q, 

.-. p{q-r)=i»q{p-r\ 

whence - — = ^ — . 

p q r 

This formula may be instructively compared with the 
formula 

of Art. 29. 



V u r ' 



The two formulse are identical in form, p and q being 
replaced by v and u ; an alliteratiye way of remembering 
the substitution. In either case, of the two letters in- 
yolved, the first in alphabetical order refers to the incident 
pencil, and the other to the refracted pencil. Thus if the 
student remember either formula accurately, he will easily 
obtain the other. 



EXAMPLES ON CHAPTER n. 

V 1. A stick partly immersed in water appears bent upwards 
at the point where it meets the water. Explain this. 

^ 2. A stick is partly immersed in water, being inclined to 

4 
the hc^zon at an angle whose tangent is ^— -;• Eind at what 

angle the part which is under water wiW. tt^^^VkX ViVfc vwSJscaft^Vi 
the borixon, to an eye placed at aome d\a\A3icQ '^«eNw»S>J5 ^Jws^^ 
the stick; the refractiye index of water \>wift \« 



\/ 
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3. A pencil of light is incident directly on a refracting 
sphere of radius a, whose refractive index is f . Find the position 
of the geomeCHcal focus of the refracted pencil, the origin of light 
being at a distance of 4a from the centre of the sphere. 

4. A speck at the back of a plate of glass, one inch thickt 
is looked at by an eye placed just in front of the plate. Find at 
what distance the eye will imagine the speck to be, therefraoti?e 
index of glass being f . 

5. A candle is placed in front of a concave spherical mirror, 
whose radius is one foot, at a distance of 5 inches from the mirror. 
Where will the image of the candle appear to be to an eye sita- 
ated in the axis of the mirror? 



6. If the candle in the last question be moved to a position 
Y^ two inches farther from the mirror, how will the position of tho 

image be changed! 

7. Show that if the velocity with whiob light traveU in any 
medium were directly proportional to the refractive index of that 
medium, the time occupied by light, which is refracted direct^ 
at a plane surface, in reaching any point in the second medium 
would be the same as it would occupy in travelling all the dis- 
tance from the geometrical focus after refraction, to the same 
point, in a medium of the same nature as the second medium. 

8. P, Q are conjugate foci of a mirror whose centre ui 
and radius OA . Prove that if any point P be joined to the fom 
points A, P, 0, Q, and a straight line afoq be drawn to out theis 
lines in a, /, 0, 9, then /, q are conjugate foci of a mirror whoN 
centre is and radius oa. 

9. If q be the geometrical focus of a pencil of light after 
^ reflection at a spherical surface, whose centre is C, corresponding 

to a luminous point at Q, and P be the principal focus, prove 
iiiiitPC^=PQ.Pq, 

.* 10. The locus of the image of a luminous point reflected id 
""' a plane mirror is a circle. Prove that the mirror always touches 
a conic section or passes through a fixed point. 

11. A luminous point is placed in front of a plane reflecting 
sarface. If this surface turn in any manner about a point in its 
own phme, prove that the geometdcaX ioc^OA oi >^<^ -n:^^ «SS(Mt 
rejection Uea on a spfiere. 
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Prove that this will also be the case if the plane mirror move 
so as always to touch a prolate spheroid of which the luminous 
point is one focus. 

12. A luminous point is placed in front of a refracting 
medimn bounded by a transparent plane surface. Prove that if 
the bounding plane move in any manner about a fixed point in 
itself, the geometrical focus of the rays after refraction into the 
medium always lies on the surface of a sphere. 

13. Three plane mirrors are all perpendicular to a given 
plane. Show that if a luminous point be placed anywhere on the 
circumference of the circle which is described round the triangle 
formed by the intersections of the mirrors with the given plane, 
the three images of the point formed by^ one reflection at each 
mirror respectively will all lie in a straight line. 

14. Four plane mirrors are all perpendicular to a given 
plane, find the position of a luminous point that its images 
formed by one reflection at each mirror respectively may all lie 
in a straight line. 

15. A luminous point is placed within a polygon whose 
sides are reflecting suifaces: if the image of the point, formed by 
reflection at each side coincide with the point of intersection of 
the two acQacent sides, prove that the polygon is a regular hexa- 
gon, and the luminous point at its centre. 

16. If a pencil of diverging rays incident on a convex 
spherical surface, is refracted to a point as far behind the surface 
as the origin of light is in front of it, show that the radius of the 

surface is - — - of the distance of the point of light from the 
Ai+1 

surface. 

17. If any circle be drawn through two conjugate foci in the 
case of a spherical reflecting surface; prove that, in general, two 
other conjugate foci lie on the same circle. 

18. A luminous point is placed within a reflecting sphere : 
prove that its distance from the centre is a harmonic mean be- 
tween the distances, from the centre, of the geometrical foci after 
reflection at the opposite portions of the surface. 
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CHAPTER III. 

REFLECTION AND REFRACTION OF OBLIQXJfi 

PENCILS. 



38. ^1[7£ have now discussed all the cases of direct 

YY iDcidence, and have ascertained that after 
direct refraction, or reflection, the form of a pencil of 
light, originally conical, is still approximately oonicaL 

We shall find that this is not the case when a small 
pencil is obliquely incident; but that the rays of such a 
pencil, after refraction or reflection, all pass approximately 
through two straight lines, at right angles to each oUier 
and to the axis of the refracted or reflected pencil. 

39. In the previous chapter we only considered those 
rays of the pencil which lie in one plane through its axis; 
but the pencil and the surface being originally symmetricil 
with respect to this axis, the geometrical fod of the rays 
in all such planes will be the same. 

In fact, if with vertex Q and QA as axis, in any of iiie 
cases discussed in the last chapter, we describe a cone with 
semi-vertical angle MQA, the rays of the original pendl 
which lie on this cone, after refraction or reflection, will 
all cut the line AQin the same point q. 

40. Thus, let Q be the vertex and QA the axis of a 
pencil obliquely incident at ^ on a plane or spherical re- 
fracting or reflecting surface BODE. 

Let QO be that normal to this surface which passes 
through Qf which in the case of a spherical surface will be 
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WitL Tertes Q and axis QO, and semi-vertical anglo 
AQO, describe a conical surface. This Hurfiice will cat the 
refracting or rejecting surface in a. curve CAD; and by 
the ronark of the last article, all the rajs in the pencil 
incident on CAD will pass tiuoogh the same point of QO 
after refraction or reflection. 

If with vertex Q and axis QO, and semi-vertical angle 
alightlf differing from AQO, we describe a cone, this cone 
will cot the surface BCDE In a curve SRT, and i^l tlie 
rays inddent at points of this curve will, after refracUon, 
pass through some one point in the lino QO. 

If the lengths of CD, BE be small oompared with AQ 
and AO, which is always the case in practice, the lines 
GAD, SRT-W& bo very nearly straight lines; and we may 
consider the set of rays which fall ou the points of CAD 
lifter refraction to lie in a plane which passes through CD 
and the point in QO where they all meet. 

Similarly, we may consider the set of rays which fall on 
SRT, after refraction or reflection, to lie in another plane, 
which passes throngb SRTisA the point in QO «^«.x«'&\\. 
these rays meet 
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These two planes are evidently each at rigEit angles to 
the plane QOJf, and will intereect ia a straight line «?i (, 
wbidi is also perpendicular to the plane QOA. 

If we suppose SST to ftpproach indefinitely near to 
GAD, this line will assume some limiting position; aod in 
this limiting position, if the pencil be small, it is a strai^ 
line through some point of which erery ray of the re- 
fracted or reflected pencil will nearly pass. 

This limiting position of the line is called the primary 
focal line; and the point ;,, where it cuts the plane QOA, 
is called the primary focus. 

The plane QO^ is called the primary plane, and the 
point where the primary focal line cuts the primary plane 
may be evidently considered as a focus, or point of concen- 
tration, of the re&acted or reflected rays which lie in the 
primary plane. 

11. Again, if we consider the rays incident on pAD, 
these rays, after refraction or reflection, all pass through 
^be point 9,, where the axis of the refracted or reflected 
wncil cuts the line QO. This point q^ may be considered 
u the focus of all rays in the section of the reflected or 
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refracted pendi by the plane through (7^i> and the axis 
of this pencil. 

This point q^ is called the secondary focus, and the 
plane through CAD and ^^,,is sometimes caUed the se- 
condary plane of the refracted or reflected pencil. 

It will be pretty clear that if we take a section of the 
pencil by a plane through q^ parallel to the tangent plane 
to the refracting or reflecting surface at A, this section will 
be a sort of figure of eight, having no width at the point 
q^, but swelling out above, because the rays have not come 
together to meet in QO, and swelling out below, because 
the rays having passed through QO have again begun to 
diverge. 

This figure of eight is nearly a straight line, the width 
of the loops being small, if the pencil is small It is called 
the secondary food line. 

42. We see thus that in determining the form of a 
pencil after oblique refraction or refiection we have to de- 
termine two foci, and that the pencil is not approximately 
of a conical shape. 




If we take a series of sections of the resulting pencil 
by planes parallel to the tangent plane to the refracting or 
reflecting surface at A, we see that the section at q^^^ ^ 
straight line perpendicular to the primttr^ ^^isav^^^\s^^^ 
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at $3 is a straight line in the primary plane. As the eat- 
ting plane passes from qi to q^y the section is of an oval 
shape, first, when near^^i; having its longest diameter per- 
pendicular to the primary plane; and when near to q^y 
having its greater length in the primary plane. 

There must therefore be some position of the cutting 
plane between q^ and g„ for which the diameters of the 
section in, and perpendicular to the primary plane, are 
equal. In this position the section will be approximately 
circular, audit is called the circle of least eanfusion. 

It is probably the nearest approach to a point of any 
section of the pencil, and is thus the point where any eye 
receiving the obliquely refracted or reflected pencil would 
consider the image oi the origmal point of light to be 
placed. 

Its position can be thus determined when those €i tiM 
two foci are known. 

Let the diameters of the surface ABCDE, in and per- 
pendicular to the primary plane, be 2Xi and 2Xa reiqtect- 
ively, that is, let AD=\ay AB—\. 

Also let Aq^=Vi and Aq^=.V2y qi and q^ being the pri- 
mary and secondary foci. 

Let be the point where the required section cuts 
Aqiqz, and let Ao=ac, 

Let ofy og be the radii of the circle of least confusion, 
perpendicular to the primary plane, and in that plane re- 
spectively : 

.*. of= og by definition of circle of least confusion. 

Again, by similar triangles, 

qf : AD :: oq^ : Aq^\ 

cTo ""■ X 



ra 



Similarly, og : AB ;; Oq^ : Aqi; 






But) 
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(1). 



The position of o is thus determined if those of qi and q^ 
are known. 

If, as is usually the case, the surface ABCDE hat a 
circular boundary Xi=X|^ and the eq^uation (1) becomes 



1 12 

-:-+ — = - 



v^ 



«, 



X 



(2). 



43. We have now to determine the position of the 
primary and secondary foci in the three cases of a pencil 
obliquely incident on a plane refracting surface and on 
a spherioil refracting and reflecting surface respectively. 
A pencil obliquely incident on a plane reflecting surface is 
as we know reflected exactly from a point. 

44. Let QA be the axis of a pencil incident at ^ on a 
plane refracting surface, q^A the direction of the refracted 




ray produced backwards to weet a line QN, drawn through 
Q perpendicular to the plane surface, in g, — the secondary 
focus of the refiraieted pencil 
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Let QR be any other ray of the pencil in tlie 
plane, and let the corresponding refracted ray produced 
backwards cut Aq^mq^, The Hmiting position of ^i irtm 
R approaches A is the primary focos of the refracted 
pendL 

Let AQ = u, Aqi = Vi, Aq^^n^ 



and let fi be the refractive index from the first 
into the second. Let the angle of incidence of QA be de- 
noted by <l>, and the corresponding angle of refraction be 

Then AQN=<I>, Aq^^ffii. 

And by the law of refraction, 

8in^=fi sin^'; 

AN_ AN 
•'• AQ^^' Aq^' 

:. Aq^=fi . AQj 

Again, let ^ ^^ be the angles of incidence and refrac- 
tion of the ray QR ; 

/. QRA=W'-<l>i, q^RA-=W-^'i 

AR _ sin AQR _ sin (^ - ^ ) 
"AQ~amAEQ'~ cos^ ' 

^i8 ^ sin Aq^R ^ sin (<^'-<^0 . 
Aqi smARqi oos^' ' 

Aqi cos ^' sin(^— <^) 
•*• :4Q ""cos*^ • 8in(<^/-<^0 

cos j»/.si«^(<^-<^).CQB4(<^i'-<^) 

COS <^. sini(^'-^0-«>si(^'-^') 

Now sin ^=/A sin <f/, 
sin ^=^/tsin^^; 

.'. (8in^-sin^)=fi(sin^^-sin^'); 
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* ' ^Q COS ^1 * COS i (01 + <^) ' C08i(<^' - ^) ' 

But in the limit when R comes up to Ay we have <^i "» <^ and 
<l^'^<l> ; and this formula becomes 

^l='M» 9Zl • ^ (2). 

'^ cos*<^ ^ ' 

45. Secondly, let QA be the axis of a pencil obliquely 
incident on a spherical reflecting surface. Let Aq2 the cor- 




responding reflected ray cut QO, the line joining Q with 
the centre of the sphere in q^, which is the secondary 
focus. 

Let QB be any other ray in the primary plaaA^«aQL^\&^ 
^^1 be the corresponding reflected T^fj, cQ^d^osi^ Aq^^\£^ ^ 
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point ^p The limiting position of ^i when R is very near 
to Ay will be the primary focus. 

Let AQ=u, Aqi=Vi, Aqt=fftr AO=^r. 
Let QAO=^ the angle of incidence of the axis ; 
.'. giAO=<f> the angle of reflection of the axis. 
Let each of the angles QROy q^RO be called ^i. 
Then we have 

£^QAq^= £iQAO -k- £^q^AO \ 
:, \uv^ sin 2(^ = \ur sin <^ + \r^ sin ^ ; 
.'. 2wrj cos <^ = Mr + rjr ; 

.•.^^5i*=i+i (1). 

Again, iA0q^=4>-^ l-AQO^ 

AEOq^=ct>i-hRQO; 
/. aAOR=<I>^-<I)+ iRQA. 

Similarly, z RqiA = <^i - ^ + z /20-4 ; 

.-. 2 z 720-4= zi2^i^+Z.jBC-4 (2). 

But all the three angles ROA, Rq^A, RQA^ are ulti- 
mately very small, and their circular measuroa may be 
replaced by their sines. Also we may consider BA as 
a portion of a straight line at right angles to ^0. 

Hence, from the triangle RQA, 

sin RQA = jT^ sin RAQ = . cos «^, 

and from the triangle RqiAj 

rin RqiA = -tt— sin BAqi = — cos 0, 
icqi Vi 

9odR0Af^~; 
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i^hence, substituting in the formula (2) we get diylding by 
JiA, 



or 



2_ CO8 cos<^ 



1 1 2 

— + -= , 

Vi u r cos 9 



•(3). 



46. Thirdly, let QA be the axis of a pencil obliquely 
Incident on a spherical refracting surface, AS the corre- 




Bpooding refracted ray, produced backwards if necessary to 
Cut QO in q^. Let QR be another ray in the primary 
plane and let the line of the corresponding refracted ray 
cut q^A in q^. 

The limiting position of qi is the primary focus, and q^ 
is the secondary focus. 

Let QAO=<l), q^AO=<t>\ 

AQ=u, Aqi=Viy Aq^=T^f AO=r. 

Then, as in the last Article, 

EOA=Rq^A+(l>'-<l)j;, 
EOA=EQA-^<ti-f^ 
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and as in the last Article, 

r * ^^ Vx u 

AR AR cos (bf ., ., ,,v 



r Vi 

AR AR cos ^ 



= <^-<^ (2) 



r u 

Also, as in Art. 44, 

sin <^ =fi sin ^', sin <l>i=fi sin <^'^ 
whence 8ini(^-^_ co8i(<^- + <^0 

or since in the limit <^ — ^ and tf/ — <l>{ are indefinitely si 
replacing sines of small angles by their circular measi 
ultimately, 

^ — <i>l _fl cos KJ/ 

<t>—<l)i~ cos <^ ' 

or (^ - 4>i) cos <^=(<^'-'</>iO f* cos ^', 

whence from (1) and (2), 

. , fAR AR cos 6'\ . fAR AR cos 
^cos<A'(— _^j = cos<^(^— — 

ft cos* <^' _ CO8'0 _ ft COS <^^ — COS <^ ,^v 

f?! t«. r ^^ 

Again, £^QAq^=^£^QAO-LqtAO\ 

/. Jwr, sin (^-(^O^^i^^ sin ^•~i2?,r sin <^' ; 

sin <f> . coa0^-cofl<^ sin ^' _ 8in<^ __ sin^^ 
r " v^ u ' 

and substituting for sin ^ its value ft sin ^' and divi 
throughout by sin (f/, we have 

ftcos <^^— cos^ _ ii _ 1 (A^ 

r ~^ v^ u ^ ' 
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47. We have now discussed to a certain order of ap- 
j[)roximation the alterations produced in a given small pen- 
<nl of light by one refraction or one reflection, whether the 
incidence be oblique or direct. In the three succeeding 
ohapters we hare to examine to the same order of approxi- 
mation the effect produced on such pencils by a number of 
such reflections or refractions in certain important cases. 

The student may notice that the results «f the last 
tiiree Articles include the positions of the geometrical foci 
inyestigated in Chapter II. These latter may be obtained 
from the formulae of this Chapter by giving to ^ and 0' the 
value zero. 

It may be mentioned here that although, in accordance 

with the remark of Art. 42, the circle of least confusion is 

probably the position at which the eye sees an object by a 

^ pencil which has been obliquely refracted or reflected, it is 

jgl sometimes convenient to .assume the primary or secondary 

focus as the position of the image. 

If the obliquity be small these points will all be close 
together, and it will not matter much which of them we 
■ taka 



EXAMPLES. CHAPTER III. 

1. A tmall pencil «f parallel rays is inddent at an angle of 
60^ on a spherical reflecting surface. Find the position of the 
focal lines. 

2. A small pencil of parallel rays is incident on a spherical 
refracting -surface at an angle of 60°, the irefractive index being 
V3. Find the position of the focal lines. 

3. In each of the last two examples find the position of the 
circle of least confusion on the supposition that the incident 
pencil is a right circular cylinder. 

4. The refractive index of a medium being f, find the posi- 
tion of the primary focus of a pencil incident on a sphere formed of 

that medium, at an angle whose cosine is ; 



av*i 
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5. A pencil is incident obliquely on a splierical re&aetiog 
surface at an angle whose tangent is equal to the refractrre index 
of the sphere. Find the position of the focal lines. 

6. A small pencil diverges from one extremity of the diameUr 
of a sphere whose interior surface reflects light, and la incideol 
on the sphere, so that its axis after reflection passes through th9 
other end of the same diameter. Find the position of the foeil 
lines, and show that 1*2= Sv^. 

7. Find the position of the point, from which light mask 
diverge so that after refraction at a sphere whose refractive index 
is fjL the pnmary and secondary foci may emncide. 

Show that the point must be at a distance fir from the centn 
of the sphere. 

8. A small pencil of parallel rays is incident on a concave 

spheiical reflector at an angle of j. Find the position of the 

focal lines and the circle of least confusion, assuming (1) tiie 
border of the mirror to be circular ; (2) to be elliptical with iti 
diameters in the primary and secondary planes in the ratio of Vi 
tol. 

9. If be the origin of light, P the point of incidence of the \ 
axis, and if the perpendicular to OP through meet the tangent 
at P, at the foot of the perpendicular from the secondary focw j 
on the same tangent ; prove that the primary focus is at an infi- 
nite distance. 

10. A pencil of parallel rays is incident obliquely on a convex 

refracting spherical Surface. Find the position of the primaiy 

Iff 
and secondary focal lines. If the angle of incidence be ^ and 

the primary focus be on the surface of the sphere, show that tits 
angle of refraction is the complement of the critical angle. 

11. A small pencil diverges from a point in the surface of ft I 
spherical shell polished internally, and is twice reflected, show 
that if the normal at the first point of incidence pass throufjkl 

1 8 

the final primary focus, the angle of incidence was- coa"^ -. 

^ 4 



CHAPTER IV. 

ON REFLECTIONS AT TWO OR MORE PLANE 

SURFACES. 



48. 



w 



E have first to prove that if a ray be reflected 
successively at two plane mirrors so that its 




course throughout lies in a plane at right angles to each of 
them, its deviation from its original direction after two re- 
flections will be double of the angle between the mirrot«.. 

Let A ray he incident on one pVon© mvrcat ^\» Q,\xv 'Owb 
direction PQ, and let it be refliected a\ow^ QR ^^ ^» 'Vi 
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fall on a second mirror at R and be again reflected 
RST, 

Fig. (2). 




T-^ 



Let PQ or PQ produced meet RTm8\ then in figare 
(1) QST, and in figure (2) UST\% the angle between the 
first direction of the ray of light and its last direction, thai 
is, the deviation of the ray, and in either case this deyift- 
tion is double of the angle POQ between the mirrors. 

Let QN, RN be the normals to the mirrors at the 
points Q and R^ meeting, produced if necessary, in N\ QN 
and RN bisect the angles PQR and SRQ respectiyely. 

Then in figure (1) 

lQST= lSRQ+lSQR 

= 2lNRQ^2lNQR 
= 2{IS0^ -QNR) 
= 2 z ROQ, 

In figure (2) 

L UST= L PSR 

^lPQR" lQRS 
=2iMQR-2lQRN 

=2 L QOR. 
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In either case the deviation is double the angle between 
the mirrors. 

The property proved in this proposition is that on 
which the construction of the sextant depends. For a de- 
scription of this instrument the reader is referred to any 
treatise on astronomy. 

49. Again, let light emanate from a luminous point 
situated between two plane mirrors and after incidence on 
one of them be reflected so as to fall on the second, and 
then back again on to the first, and so on ; the position 
and number of the images of the luminous point formed 
by successive reflections are determined by some very sim- 
ple laws which we proceed to investigate. 

Let the min*ors, in the first place, be parallel ; and let 
O be a luminous point somewhere between them. Draw 



.**- 



6^« ' JPa a^ 



^ 



M. 



J\ fta 



AOB through perpendicular to the planes of the mir- 
rors, and produce it indefinitely in both directions. 

Take AQ^^^^AO, BQ^=BQi, AQ^=^AQi, 

and so on. Then, by Art. 19, Qi, Q,...are the geometrical 
foci of a pencil of light originally proceeding from and 
reflected, first, by the surface A, then by the surface By 
and so on, that is, they are the positions of the successive 
images of O, as seen by an eye placed anywhere between 
the mirrors, obtained by successive reflections^ beginning 
with the surface A. 

Sunilarly, if BP^^OB, AP^=APu BP^^BP^, and 
80 on; Pi, Pj, P^.., are the positions of the successive 
images of O, obtained by reflection fii B and A alternately^ 
banning with B, 

A.Q. 0. ^ 
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Let now OA^a, OB==b, AB=ey :. c=a+&. 

Then 0Qi=2a, 

0Qi=BQ^+B0=BQi+B0=2a-^&=2c, 
OQj^=AQt + AO=AQt+AO=2C'k-2a, 

• 

And in this manner 0Q^^ss2nc, 

Similarly 0Pi=2b, 

0Fi=2c, 
OP8=2c + 2ft, 



0P^=2nCy 



These formulae give the positions of the successiye 
images. 

It is evident that Q^y Q^.-.Q^nH ^^ ^ ^^^ ^^^ of O, as 
also do P2,p4"-Pg„; while $„ Q^.*.Q^,SLa also P^Pj* •-^i«+i» 

fall to the right of 0. 

It follows from these formulae that 

Ci^8=C3P4=... = 2c-.2a=25=OPi, 

and similarly 

Q,Pz=QaP5= ^2h^0P^, 

while the lengths Pj $3, P4 Q5. . -Pi Qj. . . are all equal to Oftj. 

If the point be midway between the mirrors as(, 
and the successive images will all be arranged along the 
line AOBy each image being at a distance c from tin 
nearest one. 

50. Let the luminous point bo placed between two 
mirrors inclined at any angle. The images formed by goc- 
ceasive retiectionB will no longer V>e aTT^oi^^d m^^ %ix9i^ 
line, but mil, as we shall see, aWMe on ^ cixd^ 



Two or more Plane Surfaces, 



51 



The figure represents seetions of the ittirrors by a plane 
passing through the lununous point perpendicular to the 
planes of the mirrors. 




O is the luminous point \A,B are the lines in which the 
plane of the paper cuts the planes of the mirrors. Let 
these Uaes, produced if necessary, meet in C. 

Draw OQi perpendicular to A and produce it to Q^ as 
far behind ^ as O is in front of A. Then Qi is the image 
of O formed by reflection at A. Draw d, Q^ perpendicular 
to B^ and take Q^ a point as far behind ^ as Qi is in front ; 
Qs is the image formed by light reflected first at A and 
then at B. 

In a similar way the positions of the succeeding images 
can be found, some portion of the Hght which emanates 
from any image formed by one mirror being incident on 
the other mirror. 

It is evident that if the position of any of the points 
Qi^Qr- -liGS within that angle between the mirrors which is 
vertically opposite to the angle ACB, the light which, 
being reflected at either mirror, appears to proceed from 
this image cannot fall on the o^er mirror \ and no mo^x^ 
images vnll be produced. ' 
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It is clear from the construction that CQ^-CO^ 
larly that (7Q, = CQ^ , and so on. Thus all the points Q| 
lie on a circle whose centre is C and radius CO. 

The same will be true of the images formed by 
cessiye reflections, if the first image be formed by re 
tion at B. 

Let the angle between the mirrors ACB=y, 
and let the angle OCA^a, iOCB=^p, 

:. a+/3=y. 

Then 
iOCQi=2a, 
L OCQ^-= L OCB-\- I BCQi= L OCB+ l BCQ^ 

LOCQt= ^OCA+ iACQi= lOCA-i- z^(7C,=2y+2a, 
and so on we shall find that generally 

^OCQin =2wy, 

lOCQ^+i = 2ny + 2a. 

If P^ P,... be the images formed by successiye reflee- 
tions beginning with the mirror B, we should similari/ 
arrive at results 

I 0CPtn=2ny, OCP^+i=2nyi-2fi. 

51. We can easily investigate the number of imagei 
which will exist for any given values of a, /3 and y. 

If the last image be an odd one, the point Q^+i must 
lie within the angle vertically opposite to ACB^ therefors 

/. 2ny+2a>7r-/3<7r+a, 

or adding /3~ a to each side of these inequalities 

2«y+o+/3>ir-o<ir+/3, 
2ny+y >w— o<ir+^, 

/. 2n+l> < -, 
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That is 2n+l is the integer that lies between 
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TT^a 



y 

and . The difference of these fractions being " — 

y ® y 

or unity, there is only one integer lying between them. 

If the last image be an even one we must similarly 
have 

OGQiH>7r-a<7r+P, 

„ IT— a n + fi 

y y 

In either case the number of images that can be 
formed is given by the integer that lies between and 

7r + /3 



Similarly the number of images that can be formed by 
reflection first at B can be investigated. 

52. The Kaleidoscope furnishes a good illustration of 
these articles. In that toy two mirrors are inclined at an 
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IT 

angle - to each other, and bits of coloared glass pisoed 

-between them at one end of a tube, at the other end d 
which the eye is placed. 

Let (7-4, CB be the mirrors. Produce BC to J^, and 
AC to JS, and draw GCD so as to bisect the angles ACF 
and BCB. 

Then Pi, Pj, P, will He in the angles BCD, GCF and 
FCB respectively, 

Ci, Qa, Qs in the angles ACG, BCE, ECF respectively. 

Also P3 and Q^ will coincide; for by the formuke of 
Article 50 

L OGQ^ measured from in a direction opposite to 

2fr 
that in which the hands of a watch move = -^ + 200Ay and 

o 

z OCP^ measured in the direction of the motion of the 

27r 
hands of a watch = -^ -*■ 2 z OCB, 

o 

And the sum of these angles 

=^^^^2 1 OCA +2 1 OCB 

o 
= ~ + 2lACB=-^+ 3- = 2ir. 

' Hence Pg and Q, coincide. 

Thus, if there be any arrangement of coloured glass in 
the compartment ACBy this will be represented over again 
in the five compartments BCD, DCE, ECFy FCQ, OCA, 
and the eye will see a regular six-fold, or rather three-fold 
pattern, since the figures will be inverted in alternate 
compartments. 

53. To trace the course of the pencil by which an eye 
placed in any position in the plane of the paper would see 
any one of the series of images, we must make the foUow- 
ng construction. 

First, join the image in question with the eye; this 
oining line obviously must be the direction of the light 
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when it enters the eye : secondly, join the point where this 
line cuts the mirror by which the image in question is 
formed, with the image next before it in order; this line is 
clearly the direction of the light before the last reflection. 

Proceed in this way to determine the direction of the 
light before each reflection till wo finally arrive back at 
the original source of light. 

Thus, if JE^ be the position of the eye, and Q^ the third 
image. 



Q/^."A;- 




yOi 



Join EQ^ cutting the mirror A by which Q3 is formed 
in H, Join HQ^ cutting the mirror B in K. Join KQ^ 
cutting the mirror -4 in X. Join LO, 

Then a ray of light proceeding from along OL will be 
reflected by A along LK, again reflected by B along KH^ 
and finally reflected by A along HE to the eye. These 
lines wiU thus indicate the directions of the axes of the 
oblique pencils by which Q, is finally made visible to an 
eyeatJBl 
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EXAMPLES ON CHAPTER IV. 

1. Eind the angle between two mirrors that a' cay r eflected 
at each of them in succession may be moving in a direction at 
right angles to its first direction. 

2. Shew that when an eye is placed to view any image 
formed by successive reflections at two mirrors, the apparent 
distance of the image from the eye* is equal to the distance acta- 
ally travelled by the light in coming to the eye from the original 
point of light. 

3. A luminous point is placed at the centre of an equilateral 
triangle whose side is a, shew that the distance of the image 
formed by 2n reflections at the sides of the triangle in succession 
from the luminous point is na, and of that formed by 2i» + 1 re- 
flections is a V»* + » + 1 . 

4. Find the number of images formed when a bright pmnt 
is placed between two mirrors inclined at an angle of 50^. Where 
must the bright point be placed that there may be seven images? 

5. A luminous point moves about between two plane 
mirrors, which are inclined at an angle of 27^. Prove that at 
any moment the number of images of the point is 13 or 14 ac- 
cording as the point's angular distance from the nearer mirror is 
less or not less than 9®. 

6. Find the number of images formed when the angle 
1 etween the mirrors is 80^ Find the positions of the point for 
which there are five images. 

7. Two luminous points are placed between two parallel 
mirrors, on a common perpendicular to their planes : the points 
are at equal distances from the two mirrors respectively. The 
distance between the mirrors being a, and between the luminous 
points c, prove that the distances of the images from each other 
will be alternately c and a-c. 

8. A plane and a concave mirror are placed opposite one 

another on the same axis at a distance apart greater than the 

radius of the mirror; a person standing with his back to the 

plane mirror, but close to it, observes the three images of tlie 

eaodle be bolda in his hand whicli are iormedi \>^ Wvee^. x^«^ 

tJoaa of All that are yisible to Hm. He moN«a ^^a cwi^l\ftlw«w. 
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till it ooincidea with the nearest image : prove that the other two 
images will coincide also at the same time. 

Pln>ve also that' if the person moves the candle further forward 
a distance x till it coincides with another image, at the instant of 
omncidence the first image will disappear, and if a he the distance 
between the mirrors, prove that the radius of the Concave 
mirror is 



9. P is a point within the acute angle AOB formed by two 
mirrors, and a ray PQR emanating from P is reflected at OA^ 
OB in succession, and returns to P: shew that the length of its 
path is 2 OP sin AOB, and that OP bisects the angle QPB. 

10. Two small arcs of a circle at the extremities of a diameter 
ore polished and a luminous point is placed in the diameter at a 
distance u from the centre. Shew that the distance v of the 
geometrical focus from the centre after m reflections is given by 
the equation 

V ^ ' (tt r ) 

the upper or lower sign being taken according as the first reflec- 
tion takes place at the nearer or further arc. 

11. Two reflecting paraboloids of revolution are placed with 
their axes coincident and their concavities turned in opposite 
directions. Shew that the length of the path of a ray of light in 
going from any focus and returning to it again is constant. 
Also find the condition that the ray may retrace its course, and 
shew that if one ray does so, all the rays will. 

12. A ray of light proceeding from a point in the axis of a 
right cone is incident on the inside of the cone which is polished. 
After a second reflection the ray retraces its path ; shew that the 
length of its path is 2A sin 3a ; h being the distance of the origin 
of light from the vertex, and a the semi-vertical angle of the cone. 

13. A luminous point is situated at the centre of the base of 
a hollow but perfectly reflecting vertical cylinder of very small 
radius, and a horizontal screen is held over the cylinder at a 
height above its upper end which is half as great ag^ain «a 
the height of the cylinder. Prove ihal a aenss^ oil liy^ATiiiaidSti:; 
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darker and brighter rings is formed on the screen, the l»eac 
which are equal to the radius and diameter of the cj 
respectively. 

14. An eye looks along the axis of a glass cylinder i 
other end of which is a black speck. Prove that the eye ¥ 
a number of dark concentric rings, whose centre is tb 
of the cylinder ; and the number of which is the greatest i 

in — , , where k is the height, a the diameter of the I 

the cylinder, and /a the refractive index. 



CHAPTER V. 

ON REFRACTION THROUGH PRISMS AND PLATES. 



54. rriHE method of determining the course of a 
X single ray of light while passing through a 

series of media bounded by parallel planes has been fully 
enough indicated in Articles 14 and 15 ; we need not there- 
fore consider it farther, but proceed to the determination 
of the course of a ray of light in passing through a portion 
of a medium bounded by planes not parallel. 

55. A portion of a medium of which two of the boun- 
daries are planes inclined to one another at any angle, is 
called a prism. 

The line of intei*section of these planes is called the 
edge of the prism. 

The planes themselyes are called the faces of the prism. 

The angle between the planes is called the angle of the 
prism, or sometimes the refracting angle of the prism. 

56. When a ray of light passes from one medium to 
another, the angle between its direction in the first me- 
dium and its direction in the second medium is called the 
devicUion qfthe ray. 

If a ray of light pass from one medium into another, 
and <t>f <l>' be the angles of incidence and refraction respec- 
tively, and fb be the index of refraction between the media, 
we have 

8in0=fiBiiict/. 
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From this equation it is eyident that as <f> increases so also 
does <f/, and vice versd. 

It can farther be proved that as the angle of inddenoe 
increases, the deviation increases also. 

For sin<^=/isin^', 

. sin^ -- sin_^ _ ff^l 
sin <^ + sin <^' ~ |i + 1 ' 

.-. tan^'=^)tan^'^'. 
2 fi + l 2 

But as <^ increases, so does <^', and therefore ■ ^ ; 

whence ^ ■ increases with <^. 

But <^ 'N' 0' is evidently the deviation. Hence when a 
ray of light passes from one medium to another, the devia- 
tion increases as the angle of incidence increases. 

This proposition can also be proved geometrically. 

Let ^^ be any straight line produced to G. 




At A make the angle BAP =<!>', and at B make the 
angle CBP=<I>; BP and AP will meet in some point P, 
since <^ and <l>' are unequal. 

The angle BPA is <l>-<l>, that is, the deviation corre- 
sponding to the value GBP of <^. 

Now sin <^ = ft sin 0'. 

sin <t> _ sin GB P _ AP 
^"^^ suKt^'" Bin GAP "BF' 

Hence AP=fA.BP. 
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I J Find a point S between A and B, such that AE=fi. BE, 
iKoA another point jP beyond A By such that AF=fi*BF. 

^' Then (Euclid, Book vi., Props. 3 and A) EP bisects the 

-" interior angle APB of the triangle APB, and FP bisects 

the exterior angle at P of the same triangle. Hence EPF 

la a right angle, and the point P must therefore lie on a 

circle described on EF as diameter. 

Take any point Q on this circle, nearer to F than P, 
Then the angle AQB will be the deviation corresponding 
to the value QBF of <^. But if we describe a segment of 
a circle through A, B and P, and another through A, B 
and Q, it is clear that above AB the latter segment must 
He entirely outside the former, and the angle in it will be 
less. Hence the angle AQB is less than the angle APBy 
that is, the deviation increases with <^. 

67. When a ray of light passes through a prism of 
denser material than the surrounding medium, in a plane 

Fig. (1). 




perpendicular to the edge of the prism, the deviation on 
the whole is from the edge^ 

Let the plane in which the light passes be the plane of 
the paper. Let A be the point in which the edge of the 
prism meets the plane of the paper, and PQRS be the 
course of the ray of light. 

We have three cases. 

(1) When the normals at Q and R meet within th& 
prism, as in fig. (1). In this case, exncQ mi^^i»»sv% Vd^k^ * 
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denser medium light is bent nearer to the normal, the d^ 
viation at Q is evidently away from the edge, and likewitt 
that at R, Hence, on the whole, the deviation is from the 
edge. 

(2) Let the normals to the faces at Q and R meet 
without the prism as in fig. (2). 







The deviation at Q is towards the edge, that at 22 ii 
from it. 

The angle QRO is greater than the angle RQfi' 
Hence, by Article 56, the deviation at if is greater than 
that at Q. 

Hence, on the whole, the donation is from the edge. 

The same is the case, if the ray proceeds in the durec- 
tion SRQP, instead of PQRS. 

(3) Let the normals at Q and R meet on one hfst 
of the prism, as at Q in fig. (3). 

Then the ray is itself the normal at the point where it 
meets one face of the prism, and therefore at that point 
suffers no deviation. At the point where it meets the 
other &ce, its deviation is from the edga Hence, on the 
whole, the deviation is from the edge. 
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kf • Fig. (8). 

i 4 




58. It is usual to call the angle of incidence of the ray 
on the first face <^, the corresponding angle of refraction 
^', the angle of incidence within the prism on the second 
flEUse "^'j and the anglo which the emergent ray makes with 
the normal to the second face i/r. We then obviously have, 
if fi be the refractive index between the external medium 
and the prism, 

sin ^=fisin^', 

sinifr=/isini|r. 

69. It is usual and convenient to consider ^ and ifr 
positive, if they are measured on the side of the normals to 
the respective faces away from the edge, and n^ative, if 
measured on the side of the normal towards the edge, ^' 
and i|r' are then considered to have the same signs as <^ 
and 1^ respectively. 

With this convention we can show that the algebraic 
sum of the angles which the ray inside the prism makes 
with the normals to the two faces is equal to the angle of 
the prism. 

Referring to the figures in Article 57, we see that in 
figure (1), 

<f/=NQR,^'=NRQ, 

.-. 4>'+ylr' = NQR-^NRQ 

^lOO"" -RNQ 

=RAQ. 
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In fig. (2) (^ is measnred towards the yertez, and ^ tod 
<^' are consequently negative ; 

since a circle will go through the four points A^ R, Q, N. 

In fig. (3) &=0, 

ylt^NRQ^^Qf'-'QRA^RAQ, 
/. ^'+ylr' = RAQ, 

The angle of the prism may be denoted by t ; we hare 
therefore ^ways, with the above convention as to signs, 

60. We can now give a simple expression for the de- 
viation of a ray in passing through a prism. 

The deviation of the ray at the first surface is evidiiitly 
(j) -ffi\ from the edge if <^ is measured from the edge^ smI 
towards the edge if <^ is measured towards the edge. 

If we agree to consider a deviation from the tdqt u 
positive, and to retain the convention of the last Artide u 
to the sign of ^, the deviation at the first surface will be 
algebraically 

Similarly the deviation at the second refraction will be 
algebraically 

Hence the whole deviation will be 

= <^ + i^— I, 
by the last Article. 

If the ray is incident at a small angle on a prism of 
small angle, so that i and <^ are small, it follows that ^ ii 
small, and tiierefore ifr', and therefore 4'* 
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ii H^ico, since the sines of small angles are very nearly 
j equal to their circular measures, we have approximately 

61. The deyiation of a ray in passing through the 
prism depends on <f) and ifr. These quantities are con- 
liected by the relations 

sin<^=/isin<^', 

sin^=/isin^', 

where ^' and sj/ are connected by the relation 

We may thus consider D really to be a function of <^, 
for its value will be given for any given value of <^, and will 
change if <^ be changed. There is one value of <^ for which 
the deviation D has a less value than for any other value, 
and this minimum value of the deviation we proceed to 
investigate. 

62. We know, from Art. 56, that the deviation of a 
ray in passing from one medium into another increases as 
the angle of incidence increases. 

Let now <^'— a, <^', <^' + a be three angles of refraction 
corresponding to values <^i, <^„ (f)^ of the angle of incidence, 

.•. sin<^i=/isin(<^'— a), 

8in<^,-/isin<^', 

sin <^3 = fb sin {<l> + a), 

. \ sin <t>i + sin <^8 •■= /* sin (<^' + a) + ft sin (<^' - a), 

., 28in^l±^c08*'^=2^sm,^'co8a, 

= 2sin</>,cosa (1). 

Now by Art 56, 

<^s-(*'+a)><^-(<i!>'-a), 

A, O. 0. ^ 
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/. cos "^^ <C08a, 

.'. sin ^^ ^ >8in<^g by (1), 

Jd 

.-. {«s-(«'+«)}-(<^«-<^0>(*.-«O-{^-(*'-a)l. 

That is, when the angle of refraction increases fron 
<^' to <^' + a, the deviation is more increased than when 
the angle of refraction increases from <^'--a to ^'. 

Now let a raj pass through a prism whose refiractiDS 
angle is i so that <^= V^ ; therefore also <^'=ifr' = - . 

Let <^ be increased, so that <^' is increased and becomo 

• • 

% % 

+ a. It follows that i(r' becomes „ "" <*• 

Hence the deviation is increased at the first sorfiMX 
and diminished at the second, but is more increased at tiM 
first than it is diminished at the second. Hence on the 

whole the deviation is increased. 

• 

Similarly if <^ be diminished, so that ^ becomes --a 

2 

4 

and }^ consequently becomes ^ + a, the deviation is more in 

Jd 

creased at the second surface than it is diminished at thefint 
Hence the least deviation is obtained when ^=^,aiid 

consequently <^' = '^' = 5 . 

If Z>i be the deviation in this case, we have 

/. <!> = -—- and <^'=-, 

.% sin— ^=/iism-, 
which determines D^. 
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63. Haying discussed the effects of refraction through 
a plate or a prism on a single ray, we have now to consider 
the modifications produced by such refractions in a pencil. 

We consider, first, the case of a pencil directly incident 
on a portion of a medium bounded by two parallel planes. 
Such a portion is frequently called a plate. 

Let Q be the origin of the pencil of light, QA the axis 
of the pencil, which will be also the normal to the first sur- 




"^ 



face at A, and to the second surface at Bj since the pencil 
is directly incident. 

Let q be the geometrical focus of the pencil after the 
first refraction into the medium, /x the index of refraction 
from the external space into this medium. 



Then, by Article 24, 

Aq=fi.AQ. 

The pencil after the first refraction may be supposed to 
be a cone diverging from q, and incident on the external 
medium. The index of refraction from the plate into this 

external medium will, by Article 14, be - . 

Hence, if^be the geometrical focus after refraction 
into the external medium again, we have 

1 



Let 



BF^-.Bq. 

^Q=w, AB^t, AF=v, 
.-. Bq=Aq'\-t, 
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Thus 



And 



BF=-{Aq+t) = -(ji.AQ-\'f) 
fi fi 

= AQ + -. 



AF=AQ+--t 



or 



=AQ-t. 



f^-1 



v=u-t. 



f^-1 



Hence to an eye on the left of B, the image of the point 



of light at Q appears nearer than Q by a distance t . 



M-1 



64. Secondly, let a pencil be obliquely incident on s 
plate, and pass through it 

In this case, after the first refraction, the pencil does 
not approximately diverge from a point; and we must se- 
parately consider the effect of the refraction on those rays 
of the pencil which lie in the primary and secondary planes 

(Arts. 40, 41). 

Let QA be the axis of the pencil incident on the plate 
at A at an angle ^ AB the direction of the axis of the 



'^ 






a. a 3«-'- 



'<1, 



acil when refracted into the plate making an angle 4^' 



through Prisms and Plates. 69 

with the normal at A^ and BG its direction when finally 
emergent; BG\& evidently parallel to QA. 

Let Qiy q^ be the primary and secondary foci of the pencil 
after the first refraction. 

Then, by Art AA^M AQhQu, and fi be the index of re- 
fraction into the plate, 

Aq^^fi ,u, 

cos2rf»' 
^ '^ cos2<^ 

After this refraction we may consider those rays which 
lie in the primary plane to diverge from g^, and be incident 
on the second surface of the plate at an angle <^', the re- 
fractive index being - . 

A* 

If Qi be the focus of the rays in this primary plane 
after the second refraction, we have again 

^ fl cos'<^ 



1 COS 



fl COS 

But if ^ be the thickness of the plate, 

AB= ' 



i'<^'\ '^ cos2<^ / 



cos 4i ' 

whence i9Qi=-. — ^, + u (1). 

^ fi, cos*<^ ^ ' 

Again, after the first refraction, we may consider the 
rays which lie in the secondary plane, to diverge from g, 
and fall on the second surface, and be tV!kfiitQ x^^s^s^r:^ 

again, the reSracUye index being - . 
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Hence we have, if Q, be the focus of the rays in ibe 
secondary plane after this refraction, 

r 
t 

7 + tt. 



fA COS KJll 



Those rays uf the emergent pencil which lie in the 
primary plane, approximately diverge from a point Q^; and 
the rays in its secondary plane approximately direq;e 
from a point Q^ 

It is easy to see that the general form of sach a pencil 
must nearly be the same as that of a pencil after one 
oblique refraction, as described in Art. 42, and that there 
will be a circle of least confusion determined^ as in that 
Article, from the positions of Qi and Q^ 

65. We have finally to determine the form of a pencil 
after oblique refraction through a prism. 







Let QA be the axis of such a pencil, incident on the 
first &ce of a prism, refracted along AB, and finally emer- 
gent along BO. 

Let ^, ^|ty ij>, xj/ have the meanings assigned to them in 
Article 58. 
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Also let ^1, g, be the foci of the rays in the primary 
and secondary planes respectively after the first refraction, 
Qi, Q^ the corresponding foci after the second refraction. 

Let AB=Cy AQ = u, 

Then, by Art. 44, for the first refraction, we have 

^^ '^ cos'<^ ' 
Aq^=liu. 

And from the second refraction, remembering that the 

index of refraction is - , we have 

A* 

^^^=;i-c^'^^'' 

H- 

_ cos ^(r. cos ^<^^ c cosy 
.-. //^i - u . ^^^^ ^^^,^ + - . -^^ , 

BQi=u + -. 

It is usual to consider the axis of the pencil to pass so 
near to the edge of the prism, or else the size of the prism 
to be so small, that AB may be neglected in comparison 
with the other distances. This will generally be a tolerably 
accurate supposition in practical work. We then get 

„^ _ cos V' cos ^0' 
^^^"'^•cosYTco's2<^' 

BQ^=u. 

These equations give the foci of the rays in the primary 
and secondary planes of the emergent pencil respectively. 
The circle of least confusion can be deduced, as in Art. 42, 
in accordance with the remark at the end of Art. 64. 

If the axis of the pencil be incident so as to pass 
through the prism with minimum deviation, 

0=yr and <j)'=>|f', 
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we then get 

that is, the rays iii the primary and the secondary planes 
diverge approximately from the same point. Thos the 
whole pencil may be considered in this case approxi- 
mately to diverge from one point at a distance from the 
edge of the prism equal to that of the original point of 
light. 



EXAMPLES ON CHAPTER V. 

1. Shew that if the angle of a prism be greater than twice 
the critical angle for the medium of which it is composed, no ny 
can pass through. 

2. A ray of light is incident upon one faoe of a prism, io a 
direction perpendicular to the opposite face. Shew that, iLthe 
angle of the prism being less than 90®, the ray will emerge at the 
opposite face if cot i > cot a - 1, where a is the critical angle for 
the medium of which the prism is composed. 

3. If a ray be incident nearly parallel to the first snrfMe of 
a prism and emerge at right angles to that surface; prove thst 

cot »+ 1 = *Jfi^ - 1, i being the angle of the prism, and fi the le* 
fractive index. 

4. R^ys are incident at a given point of a prism so as to be 

refracted in a plane perpendicular to its edge. If t be the angle 

of the prism and a the critical angle, show that the angular space 

within which rays may be incident so as to pass throogfa' the 

_- Jsin (i-a)) 

pnsm IS cos * j r J . 

( sm a } 

5. If the angle of a prism be 60® and the refractive index y/% 
hew that the minimum deviation is 30®. 

6. The angle of a prism is 60® and the refractive index |. 
ihew that the minimum deviation of a ray of light passing 
through it is nearly 37® 10'; having given that sin 48®85'e'75 
nearly. 
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7. If 2) be the mioimum deviation for a prism, whose re-i 
fractive index is fi and angle i, prove that 

i D D 

cot - + cot •n-=A* coaec — . 
2 <H ^ 

8. If 2>j be the minimum deviation for a prism of angle t, 
and Dg that for a prism of the same material of angle 2%, prove 
that 

2 cos ( tH — * ■ * ). sm 2 — * = sm — ' . 

9. A ray passes through n equal prisms, in each case with 
minimum deviation. If its final direction is parallel to its direc- 
tion at incidence, and it be moving towards the same part, 
prove that with the usual notation 

fiBui— sm- 

tan d>= , i=2tan""i«— ♦ 

IT IT 

II cos 1 fl- COS — 

n n 

» 

10. If the angle of a prism be W, and the refractive index 
Vl> find the limits between which must lie that the ray may be 
able to emerge at the second face. 

11. If be the angle of incidence on a prism, ^ that of 
emei^ence, % the refracting angle of the prism, and /a the refrac- 
tive index, prove that 

Ij? sin' * = (sin ^ + cos • sin 0)' + sin' % . sin' 0. 

12. A small pencil of rays is refracted through a prism in a 
principal plane. Shew that if the emergent pencil xliverge from 
a point, 

c tan' xl/ 

fl * tan' - tan^ ^ ' 
*^> 0> ^> c having the meanings given to them in Art. 65. 

13. The minimum deviation for a prism is 90^. Shew that 
the least value possible for the refractive index is V2. 

14. If the minimum deviation for rays incident on a prism be 
a, the refractive index cannot be less than sec ^, and the angle 
of the prism cannot be greater than ir-a, 

15. Two parallel rays are incident on one face of an isosceles 
prism at an angle ^, and emerge at xig\it tta^'Oii^^ oin^ ^'t ^^Bi«o 
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haying been reflected at the base. If t be the angle of the prism, 
and fi its refractive index, prove that 

sin 20= (1 - fi^ tin* t) sec t. 

16. Shew that when a prism of glass of small refracting 
angle is immersed in water, the deviation of a ray paanng through 
it is only one-fourth of what it is in air. 

17. Shew that when a ray of light enters a medinm whoie 
refractive index is V2> its greatest deviation is i5\ 

18. A small pencil of light is obliquely refracted through a 
plate of thickness t. The angle of incidence being tan~^/c, show 
that the distance between the secondary focus after emergenoe, 

and the original point of light is — j— . t, 

19. The angles at the base of a triangular priam are ^-^ 
and 2$, where sin ^= /a sin 0; a ray of light falls on the shortor 
side of the triangle, the angle of incidence being on the side of the 
normal next the vertex: show that the ray after reflection from 
the base and the other side will emerge from the base in a 
direction parallel to its original direction ; and that unless onH ■ 
greater than Bin0, the second reflection will not be total. 

20. A ray of light is refracted through a sphere of glasi flt 
such a manner that it passes through the extremitiea of tm 
radii at right angles to each other. If be the angle of inoi* 
dence, and D the deviation, prove that 

sin (20 -2)) .8in2)=/A'-l. 

21. If n equal and uniform prisms be placed on their endi 
with their edges outwards, find the angle of each prism thatanj 
refracted through each of them in a plane perpendioular to theb 
edges may describe a regular polygon. Shew that the distanee 
of the point of incidence of such a ray on each priam from the 
edge of the prism bears to the distance of each edge from the 

common centre the ratio of . / f /*' - 2/i cos — h 1 J to /&+ !• 

22. Prove that in prisms of the same material, as the re- 
fracting angle increases the minimum deviation also increaaes. 
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ON BEFRACTION THBOUGH LENSES. 



66. A PORTION of a transparent mediam bounded 
-i-jL by surfaces, two of whicji are surfaces of revo- 
lution with a common axis, is called a lens. 

In all cases that we shall have to consider, these sur- 
faces of revolution are spheres, and the portion of the 
medium is symmetrical with respect to the line joining the 
centres of tiie spheres, being either entirely bounded by 
the surfaces of the spheres, or by them and a cylindrical 
surface, whose axis is the Une joining the centres of the 
spheres. 

The spherical surfaces are called the faces of the lens. 

The line joining the centres of the spheres is cfdled the 
axis of the lens. 

Lenses of different forms are distinguished by names 
indicating the nature of their bounding surfaces with re- 
spect to the external medium. 

A lens, of which both spherical boundaries are convex 
towards the outside, is called a double convex lens. 

A lens, of which one face is convex, and the other con- 
cave to the outside, is called a convexo-concave, or 6on- 
cavo-convex lens, according as the light &lls first on the 
convex or concave face respectively. 

A lens, of which one face ia coiwex^ «sA \5oft ^J^osst 
plaoe, is ctJled convezo-plane or p\aiio-co\iN«x^. 
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The terms double concave, concayo-plane, and plano- 
concave, are intelligible without farther explanation. 

A lens, which is on the whole thicker at the middle 
than at the borders, is called generally a conyex lou, 
while one, which is on the whole thinner at the middle 
than at the borders, is called a concave lens. 

A concavo-convex or convexo-concave lens, which is 
thicker in the middle than at the borders, is sometimes 
called a meniscus. 

67* A pencil is incident on a lens <^ small thickness in 
such a manner that its axis before refraction coincides with 



I^ 1 Q 



the axis of the lens. It is required to find its geometrical 
focus after refraction through the lens. 

It is clear that the axis of the pencil, after refractton 
into the lens, and again after emergence, will still coincide 
with the axis of the lens. 

Let Q be the origin of light, QAB the common axis of 
the pencil and the lens. Let r, s be the radii of the first 
and second surfaces of the lens respectively, /m the refirac- 
tive index from the external medium into the lens. 

Let q be the geometrical focus of the pencil after the 
first refraction, i^its geometrical focus after emergence. 
Let ABj the thickness of the lens, be so small that we may 
neglect it in comparison with AQ and AF. 

Let AQ=u, AF=v. 

Then for the first refiraction, by Article 29, we have 

^ l_f*-l 
Aq u r 
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For tke second refraction we may consider the pencil to 
liyerge from q, and ^to be its geometrical focus, and re- 

aembering that the index of refraction from the lens into 
he external medium is -, we have 

_ifi _ J_ = e 

AF Aq 8 ' 

1 y- __ H'~ 1 

*" v^Aq' 8~~ ' 

idding this to the former equation we have 

l_i=(^_i)A_I\ (1). 

If the original pencil consist of parallel rays, u is in- 
hiite, and if the corresponding value of v be/, we have 



r^-^)6-J) ®- 



/ 

This quantity /is called the /oca/ length of the lens, 
md the geometrical focus of a pencil of parallel ra.ys 
incident on the lens parallel to the axis, is called the 
principal focus of the lens. 

The points Q and F are called conjugate foci. By 
means of formula (2) the relation (1) can be written 

If the thickness AB be not neglected, and u be 
measured from A, and v from R, the second equation 
becomes 

1 ft _ /*— 1 
V Bq~ 8 ' 

ivhence 

Bq 1 



M 1 ,M-l' 
V 8 
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also 




• 


Aq 1 






u r 






Hence if -4-5= <, we obtain 






Bq-Aq t 1 




1 


t? 8 


1 


r 



(4> 



The formulae (1) or (3) are however sufficiently acconte 
in almost all cases, and will be used hereafter. 

68. It is easy to see that if r and s have opposite signs, 
the lens is double concaye or double convex. In the for- 
mer case r is positive and s negative and therefore /is 
positive. Similarly in the latter case /is negative. 

If r and s be both positive, the lens is concavo-convex, 

and / will be positive or negative according as - > or <-, 

that is, as the curvature of the first face is greater or less 
than that of the second, that is, according as the lens is on 
the whole concave or convex. 

If r and s be both negative, the lens is convexo-concave, 
and it will again appear that / is positive or negative ac- 
cording as the lens is on the whole concave, or on the 
whole convex. 

Thus we can say generally that 'the focal length of a 
concave lens is positive, and the focal length of a convex 
lens is negative. 

69. There is one case of a lens^ having a thickness 
which may be called considerable, that possesses some prac- 
tical interest, namely, when the bounding sur&ces are 
portions of the same sphere. 



Q^q q' 
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In this case it is convenient to use the formula of 
Art 37, so as to have the same point of reference for the 
two refractions. 

Let be the centre of the sphere of which the faces 
of the lens are portions ; let Q be the origin of light and 
/ and q the foci after refraction at the first and second 
surfaces respectively. Let OQ =Pf Oq = q, and OA = r. 

For the first refraction, we have 

fi _1 ft~l 

p Oq' ~ r 

For the second refraction, remembering that the re- 
fractive index is -, and the radius OB, being drawn to the 
left from Oj must be considered negative, we have 

1 

0^ q 

1 u u — 1 




-^ = ^ 



Oq' q r 
.'. adding these equations, we have 

A* _ ^ _ 2(ft-l) 
p q r ' 

" q p fir 

A lens of the above form has the advantage that any 
line through may be considered as its axis, and thus 
pencils from any point may be considered as directly 
incident. Such lenses have accordingly been sometimes 
used as simple magnifiers instead of the ordinary lenses 
(Art 85). 

70. The changes of relative po&\t\OTi ot \>Vi<& ^^.^'Q^s^sgiii^ 
fod of a lens can be traced out in a «mi^^ xiiwasL^^ \a **^&)S^ 
adopted in Article 34. 
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We will take the case of a ooncaTO lena^ when cooBe- 
qaentiy/is podtiye. 

From the formnla 

we see that as u increases, so most v ; and if u deaegaa, 
so must r. Hence the ooigugate fod more in the same 
direction. 

Take a point F^ in the axis of the lens, in front of the 
lens at a distance/from A, and ako a pcnnt JF^ behind the 
lens at an eqoal distance from A, 

n 



1 1 
( 



->4- 




When Q is at an infinite distance to the right of J, the 
incident rays are parallel, and u is infinite ; we thns get 
p=/or/'i8at/\. 

As Q btiyels np towards A, F also travels towards A, 
and when u is very small, - being very large, it follows 

that - is very large, and therefore v is very small. Hence 

when Q gets to A, F also arrives at A. 

When Q passes to the left of A so that u is n^gatiye, 
V will be n^atiye until u is numerically equal to^ whidi 
is the case when Q is at F^, Hence while Q travels from 
^ to ^s, i^ travels from ^ to an infinite distance to the 
left. 

When Q is at jP^ M= —/, and therefore p= oo. Hence 
he refracted pencil consists of parallel rays. 

As Q travels to the left of ^^ u is negative and 
•nnnerically greater than /. Hence v is positive and F 
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irayels up from a great distance, to the right, towards ^j; 
which point it reaches when Q has gone to an infinite dis- 
tance to the left and the incident rays are again parallel. 

The stndent can exercise himself in tracing the changes 
of poaition of Q and i^in the case of a convex lens. 

71. Before discussing the form of an oblique pencil 
after refraction through a lens, we must inyestigate the 
positioii of a point which is known as the centre of the lens. 

The centre of a lens is the point in which lines join- 
ing the extrendties of parallel radii of the two bounding 
surfiaces cut the axis. 

This point is one of the centres of similitude of the two 
spherical sur&ces ; we proceed to find its positioa 

Let BAO-fi^ be the axis of the lens, O^P any radius of 
the first surfjEtce; O^Q a parallel radius of the second 
surface. 




Let QP or QP produced meet BAOfi^ in G, Then C 
is the centre of the lens and is a fixed point whatever pair 
of parallel radii we employ. 

Let AB the thickness of the lens =<, AO^-r^ BO^-s. 
Then by similar triangles 

CO, : (70, :: O^P : 0,0 

::r : *, 
r-AG r .^ rt 



X a a ^ 
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If / be very small, AC is Very small and the centre 
nearly coincides with A or B, 

The centre of a lens, determined as above, has the 
following important optical property. 

Any ray passing through a lens in sach a manner thtt 
its direction, while within the lens, passes throng the 
centre, will on emerging from the lens have a directkm 
parallel to its direction when incident on the lens. 

This follows at once from the fitct that the normals at 
the two points where refraction in this case takes place are 
parallel, and therefore the effect on this ray is the same as 
if it had been refracted through a plate. 

72. We hare now to distinguish between the cases of 
oblique refraction through a lens. 

First, centrical r^raction^ when the central ray or axii 
of the pencil passes through the centre of the lens after 
refraction at the first surface. 

In this case the axis of the pencil undergoes no deTii- 
tiou. Refraction through a lens is usually centrical when 
light from any natural object falls upon the lens so as to 
fill up its whole s^rfaoo. It may happen howorer, as id 
Galileo's telescope (Art. 98), that only a portion of this 
light is utilised afterwards for purposes of yision, in whidi 
case we have an example of the second kind of obliqae 
refraction or 

Excentrical refraction : A pencil is said to be excen- 
trically refracted through a lens when the axis of the pencil, 
while within the lena, does not pass through the centre of 
the lens. 

The axis of such a pencil does therefore undergo devia- 
tion in passing through the len& 

Excentrical refraction usually takes place when light 
from an imaue formed by reflection or refraction fiedls on 
a lens. The light emitted by such an image diffei^ fhrni 
that emitted by a real object in that it only can divei^if 
from the image in the lines in which it had preyioudT 
converged to form the image. Hence the pencil of ligfat 
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horn any point of such an image is limited by its own 
nature, and not by the lens on which it falls. 

73. We can now discuss the form of a pencil obliquely 
uid oentrically refracted through a thin lens. 




Let Q be the origin of light, and let ^i, q^ be the pri- 
cnary and secondary foci after the first refraction. Let Q^, 
Q, be the primary and secondary foci after the second re- 
Fraction. 

Let <^ be the angle of incidence of the axis at the first 
surface, which is also the angle of emergence at the second. 

Let us suppose the lens so thin that A^ B and C may 
lensibly coincide, and let ft be the index of refraction into 
ihe lens ; 

that CQ=u, CQj,=Vj, CQ^=v^ 

Then for the first refractioD,. by Art. 46, 

/i C082<^' __ 008^0 _ ft cos <^^ — COS <^ 

Cq^ u ~ r ' 

ft 1 _ A* COS <^' — COS (j} 

Cq^ u~ r 

Again for the second refraction, Temekio\>^'nx\!^ ^^ ^ 
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index of refraction is - , and that <f/ is the angle of in- 
:cidence, and <^ that of refraction, we have 

- . co8*<f» - , , - cos A — cos d/ 

fi ^ ^ C08'<fi _ II ^ 

^1 ^Q\ ~ ' ' 



1 



-COS 6— COS 6' 



Cq^ 



8 



Multiplying these equations by fi, and adding to the 
former pair, each to each, we have 



cos 



V 



^ cos2<^ n i\ 

Je - _-^ = (,ACOS^'-COS<^) ^^- - -J , 
= (uCOS0'— oos6)( V 

If <^ be small, which is usually the case in pradaoe^ 
cos <l> and cos 0' may be taken as unity and we obtain 
Vi B v^. Each of these quantities has the same vahie as that 
of V in the formula for a direct pencil, namely 

74 The exact investigation of the form of a pencil 
after excentrical refraction through a lens is mudi too 
difficult for an elementary treatise. It will be sufficient to 
consider any such pencils as small portions of centrical 
oblique pencils. 
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Thus if QR be the axis of a pencil excentrically incident 
•n a lens at R\ we may consider this pencil as a portion of 
L large oblique pencil, whose axis is QCy C being the centre 
>f the lens. 

If Qi be the focus of this larger pencil, determined in 
accordance with the remark at the end of the last Article, 
Qi will lie in CQ and will be approximately the focus of 
the smaller pencil after refraction. 

Thus we shall assume that when a small pencil is ex- 
centrically refracted through a lens, after refraction it di- 
^ei^ges from, or converges to, some point in the line joining 
the origin of light with the centre of the lens. 

76. We have thus far considered refraction through 
3ne lens only. There are two cases in which it is im- 
portant to consider refraction through two or more lenses. 

The first case is that of centrical refraction through two 
}hin lenses haying the same axis and placed in contact with 
3ach other at their centres. 

Let a direct pencil be incident centrically on such a 
x>mbination. Let/i ^ ^'^ ^<^^^ length of the first lens,/, 
liat of the second. 

We shall suppose the lenses so thin that their centres 
nay be supposed coincident. In almost all cases that oc- 
;ur, the thickness of the lenses is a very small quantity 
»mpared with the other lengths that are iuTolyed. 

Let u be the distance of the origin of light from the 
iommon centre of the lenses, v^ the distance from the same 
x)int of the geometrical focus after refraction through the 
irst lens, and v the distance of the final geometrical focus 
rom the same point. 

Then we have by Art 67, equation (3), 

111^ 

111 
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/. adding 

If i^be the focal length of a single lens whidi, if jdaoed 
with its centre at the same point as the oommon centre of 
the aboTO lenses, would produce the same refraction in the 
pencil, we have 

1-1-1 



therefore 



l = i + i 



The lens whose focal length is ^is sometimes said to be 
equivaleTit to the combination of the two lenses. 

A similar formula will easily be seen to hold for the 
focal length of a lens equivalent to any number of lenses 
with a common axis, placed in contact. 

76. The term equivalent lens is more usually defined 
in the following manner. 

One lens is said to be equiyalent to a oombination of 
two or more lenses having a common axis, when it pro- 
duces the same deviation in the axis of an exo&oMal 
pencil incident parallel to the axis, as the oombinatioB 
does, the equivalent lens being placed in the positiim of 
that lens on which the light falls first 




.AK 



^^fiy .^ be the focal lengths of the lenses, PQ the axis 
of a pencil incident excentrioEilly at Q on the first 10db» PQ 
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being parallel to the common axis of the lenses. Let QR, 
RS be the directions of this axis after refraction through 
the first and second lenses respectively, meeting the axis 
of the lenses in E and H respectively. Let A, B be the 
ooitres of the two lenses and let AB=a, 

Then, PQ being parallel to the axis of the lens A, wjd 
have AE =/i. 

Also, since we may consider QB to be a ray of a pencil 
proceeding from E and incident on the second lens, we 

have 

J 1^ ^1 

BH BE /,' 

1 _ _i_ 1 
BH^Ma^A' 

•• ^^'A+f^ ^'^- 

Again if i^ be the focal length of the required equiva- 
lent lens, and we draw QK parallel to HBS to meet BA 
in K, it is clear that AK=F, since the equivalent lens, 
placed with its centre at A, is to bend the ray PQ so as to 
be parallel to BS, 

Also if we suppose the curvatures of the lenses small, 
we have by similar triangles 

AQ^AE^ /i 
BB BE f^+a' 

AQ AK 



Also 



BR" BH' 



by (1), 



•• F- u^ "/i /« A/i ^^' 

We have drawn a figure in which both lenses are concave 
and consequently F^f^ and^ are all positive. In the most 
important cases in practice the reverse is the case,/^ and^ 
and consequently F being negative. 



88 On Refraction 

The formula giving the nnmerical Talue of i^ in teruB 
of the numerical values of the focal lengths of the two 
lenses is deduced from (2) by altering the signs of F^f^U 

We thus have, 

I _ 1 1 _a^ . 

F'A^A fif. ^^" 

Either of these formulae includes that of the last Article^ 
which may be deduced by making a to vanish. 

Any other case of refraction through a number of lenses 
maybe similarly treated ; by considering the point to which 
the pencil converges, or from which it diverges after refrao- 
tion through one lens, as the origin of the pencil incident 
on the next lens, the geometrical focus after refraction 
through any number of lenses can be determined. 



EXAMPLES. CHAPTER VL 

1. Prove that the centre of a lens, of which one bounding 
surface is a plane, lies on the curved surface. Also that the 
centre of a double concave or double convex lens lies within the 

lens. 

2. A concave mirror, of radius r, has its centre at the oentre 
of a convex lens, and the axes of the two coincide. If/ be the 
focal length of the lens, and if rays proceeding from a point at a 
distance u from the lens, after refraction through the lens,, reflec- 
tion at the mirror, and a second refraction through the lens, 
emerge as a pencil of parallel rays, prove that 

12 2 
- + -=7. 
u r f 

8. A sphere of glass, of radius R^ has a concentric spherical 
cavity of radius r. A pencil of parallel rays is directly refracted 
through the shelL Shew that the distance of the geometrical 
focus from the centre of the spheres after emergence is 

1 11 Rr 
2ii-l'R-r' 

u being the index of refraction. 
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4. A hemisphere of glass has its spherical surface silvered ; 
light is incident from a luminous point Q, in the axis of figure 
prodaced, on the plane surface. Sliew that if q is the geometri- 
cal focus of the pencil after refraction into the hemisphere, re- 
flection at the silvered surface and again refraction out of the 
hemisphere, 

Aq AQ" OA' 

A being the centre of the hemisphere, its vertex, and ^ the 
refractive index of glass. 

5. The ends of a glass cylinder are worked into convex 
spherical surfaces whose radii are equal to the length of the 
cylinder, and whose centres are at the ends of the axis of the 
cylinder. Prove that the geometrical focus of a pencil after 
direct refraction through the ends of the cylinder is determined 
by the equation 

/*« 1 M*-l 



u r ' 



where u and v are measured from the face nearest the origin of 
light, and r is the length of the cylinder. 

6. A ray of light is incident on a portion of a refracting 
medium in the shape of a prolate spheroid, parallel to the axis. 
The exoentricity of the generating ellipse of the spheroid being 

- , shew that the deviation of the ray after emergence at the 

A* 

opposite side will be twice the angle which the normal at the 
point of emergence makes with the axis. 

7. A solid transparent sphere is composed of a small solid 
sphere of radius a, and two concentric spherical shells each of 
thickness a. The refractive indices of these beginning from the 
centre are ^fi, 2/u, /tt, respectively. A pencil of rays is incident 
directly on the sphere and, after refraction through all three sub- 
stances, on emerging diverges from a point on the outer surface. 
Shew that the incident pencil convei^s to a point whose dis- 

tance from the centre of the sphere is = . 

8. Shew that the focal length of the sphere formed by two 
equal hemispheres of glass of different kinds, is equal to ih^ 
focal length of an equal sphere of glass 'wYiOBO t«&cM:^^^ xski^saiL 
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a harmonic mean between the refractive indices of the two hemi- 
spheres. 

9. From a cubic inch of glass (A(=f ) the inscribed sphere is 
removed, a film of glass remaining at the points of contact. The 
cavity is filled with water (a(=|). A bright point is placed on 
the axis at a distance of one inch from one face of the cube. 
Find the geometrical focus after refraction through the cabe. 

10. A hollow spherical shell of glass (Ai=f) is filled with 
water (At=|). Shew that a pencil of parallel rays after passing 
through the whole will converge to a point at a distance from the 

surface of the glass equal to (r + t) -, where r is the radios 

of the water sphere, and t the thickness of the glass. 

11. The front surface of a mirror is spherical, the back, 
which is silvered, is plane. If a, /3 be the distances from the 
centre of the mirror of the two images of a luminous point placed 
in the axis of the mirror, which are formed by reflection at the 
back and front of the mirror respectively, shew that 

-+ -= constant, 
a p 

the thickness of the mirror being neglected. 

12. A transparent sphere, radius a, is silvered at the back, 
and there is a speck within it, half way between the centre and 
the silvered side. Prove that the distance between the images 
formed, (1) by one refraction, (2) by one reflection and one refrac- 
tion, is 

(3-At)(At-ir 

13. A lens is placed at the centre of a concave mirror, the 
axes being coincident; a pencil is incident directly on the lens, 
and after refraction is reflected at the mirror and again refracted 
through the lens : prove that the last geometrical focus is the 
same as if the pencil had been once reflected at a mirror coinci- 
dent with the image of the concave mirror formed by the lens. 

"^4. The focal length of a double equiconcave lens, whose 

tive index is |, is five inches ; prove that the distances from 

IS of the images of a distant object formed (1) by reflection 

first surface, (2) by one reflection at the second surface, 

two reflections at the second surface, are 2| inches, l^inch, 

. t inch respectively. 
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15. Prove that if a double conyex lens be conBtructed with 
each of its surfaces a hyperboloid of revolution with excentricity 
equal to the refractive index, a pencil of rays diverging from the 
external focus of one surface will be accurately refracted to the 
external focus of the other. 

16. An object is placed in front of two lenses P and Q 
haviog a common axis, and an image of it is formed by them : 
proYe that the position of that image .will not be altered by inter- 
posing between P and Q two lenses of equal and opposite focal 
lengths, provided that the absolute focal length of either be half 
the hannonic mean between their distances from the image of 
formed by P. 

17. Two lenses whose focal lengths are each equal to / are 
placed at a distance apart equal to |/. Find the focal length of 
the equivalent lens. 

18. Two lenses whose focal lengths are/ and 3/ are placed 
at a distance apart equal to the difference of their focal lengths. 
Find the focal length of the equivalent lens. 

19. Two lenses, one concave and the other convex, are 
placed in contact and have a common axis. Their focal lengths 
are required to be in the ratio of 52 to 33, and the focal length 
of the combination is to be six feet. Find the focal length of 
each lens. 

20. Two lenses whose focal lengths are each / are placed at 
a distance ^/ apart. Find the focal length of the equivalent 
lens. What is the focal length of the equivalent lens, when the 
two lenses are placed in contact? 

21. The radii of the surfaces of a lens are 4a and 2a. Those 
of the surfaces of another 2a and 6a. Find the focal length of 
the lens which is equivalent to them when placed in contact, the 
refractive index being ^. 

22. A bcobII pencil of light is obliquely incident on a refract- 
ing sphere, and emerges after one internal reflection. Find the 
positions of the primary and secondary foci after emergence. 
Find what the angle of incidence must be that the emergent rays 
in the primary plane may be parallel. 

23. A ray falls upon a lens making the incident angle equal 
to tan~V) P' being the index of refraction, Ba dk«^<sii.H6^ 
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the lens passes through the centre. ProTe that the disUnoe 
between its directions before incidence, and after emeigenoe^ is 
to the distance it traverses within the lens as ii*— 1 to fi'+l. 

24. The focal length of a lens in vacuo is five feet The 
refractiye indices of glass and water being |- and f respectively, 
find the focal length of the lens when placed in water. 

25. A pencil of parallel rays is refracted through a sphere of 
radius r and refractive index /bu Prove that the geometrical foeoi 
after emeiigenoe is at the same point as if it had been only re- 
fracted at the first surface of a concentric sphere of radios ^. 

2 

26. Two convex lenses, of focal lengths a and 6, are plsoed 
at a distance e : if P and Q, be conjugate fod, F, O the respeotife 
positions of P and Q when Q and P are respeotiTely at in infi- 
nite distance, prove that PF ,OQ=l — ^r — | . 



CHAPTER VII. 



ON IMAGES AND SIMPLE OPTICAL INSTBUMENTS. 



77. TJCT"^ <^ii now explain the maimer in which an 
▼ ▼ image or representation of an object is pro- 
daced by a lens. 

We will first take the case of a convex lens. 

Let C be the centre of snch a lens, CQ its axis, PQ the 
object. 

Fig. (1). 




Fig. (2). 
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Then a pencil of rays from any point P in this object 
will fall upon the lens so as to cover the whole face of the 
lens, and will thus be incident centrically. This pencil 
after refraction will approximately converge to a point /? in 
PC produced, or diverge from some point p in CP pro- 
duced, the distance Cp bemg given by the formula 

Wp = Cp--f (^"^73, end), 

/ being the numerical value of the focal length of the lens. 
If GP < /, Cp is positive, and jp lies to the right of C. 
If CP > /, Cp is negative and p lies in PC produced. 

In the first case there emerges from the lens a pencil 
of rays apparently diverging from a point p as in fig. (1) 
and in the other case a pencil of rays converging to a point 
jE> as in fig. (2). 

The same will be true of the pencils which emanate 
firom other points in PQ, 

The assemblage of points from which, in the one case, 
the pencils after refraction appear to diverge, or to which 
in the other case they converge, is called the ifnage of the 
object PQ formed by the lens. 

In the former case the image is called a virtual image, 
in the latter a real image, these terms being defined as 
follows. 

A real image formed by a lens or mirror is an image, 
through the points of which the pencils of light which form 
the image do actually pass before diverging from them. 

A virtual image is one through the pomts of which the 
rays of light do not actually pass. 

The image in fig. (1) is called an erect image, that in 
fig. (2) is au inverted im^ge. 

Secondly if the light from any object fall upon a concaxe 
IS it is easy to see that a virtual image of the object is 
rmed nearer to the lens than the object. The podtioD 
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Fig. (3). 
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of any point p of the image is determined in terms of that 
of the corresponding point P of the object by the formula 

J 1__1 

Cp GP~f 
C being the centre of the lens, and p being on the line CP, 

In a similar way the formation of an image by a mirror 
can be explained (Art. 47). 

78. In any of these cases an eye suitably placed so as 
to receive the pencils of light after divergence from the 
points of the image will be rendered sensible of the ap- 
parent existence of an object in the position of the image. 

This image will more or less closely resemble the origi- 
nal object. It has however two defects. 

(I) Indistinctness, arising from the fact that the pen- 
cils which emanate from various points in the original 
object do not accurately converge to or diverge from points 
after refraction through the lens; the formulae we have 
used being only approximations. The image will thus con- 
Hist of a number of small overlapping circles or ovals, which 
will cause the general appearance to bo somewhat hazy. 
With good lenses, if the curvatures of their surfaces bo 
not very large, this defect is not very serious^ w\d oasL Vs^ii 
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somewhat alleyiated by a proper choice of the form of tiie 
lens. 

(2) Curvature. It is clear that the formula 

1 11 
Cp CP" f 

will not give Cp in a constant ratio to CP, Hence for 
instance if PQ be a straight line the image pq will not be 
a straight but a curved line. 

The image of any object will similarly be differently 
curved from the object itself. 

The image is also rendered indistinct and imperfect l^ 
the fact that white light in composed of a great number of 
kinds of light of imequal refrangibility. This subject is 
treated of in Chapter IX. 

79. The preceding Articles furnish a ready means of 
ascertainmg by experiment the focal length of a convex 
lens. If it be placed so as to form a reed image g, of any 
bright object Q in its axis, and the distances of the point 
and its image from the lens be measured, the focal length 
is known from the formula which applies to fig. (2) of 
Art 77, 

/ CQ Cq' 
where/ is the numerical value of the focal lengUL 

It can be more readily found by the following method. 

Q. Ill 

Hmce ^- 4- -^=- = — . 

CQ Cq f 

we have CQ + Cq«Qq=^^^ . 

Hence Qq the distance between the point and its image 
is least when CQ . Gq is least, ox ^Vieni t^a * TT ^ greatest 
But it is known that when t\ie soxn ol^.'v^o Q^\i>^«&^^9ii^- 
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itaAt their product is greatest when they are eqiiaL Henoe 
p^ . yy- is greatest when 

Hence the least value of Qq is 4f, 

Let then a candle-flame or other light be fixed, and 
Uie lens be placed just a little farther from it than the 
focal length ; a real image of the light will be formed at 
h great distance off, which can be received on a screen. 
Move the lens slowly away from the light. The image will 
oe found to approach nearer to the light till the lens has 
been moved to such a position that it is just about as far 
From the candle as it is from the image received on the 
screen. If the lens be moved still farther from the light, it 
vrill be found that the image begins to recede. 

By the above investigation, if we measure the distance 
between the light and its image in their nearest position, one 
quarter of that distance will be the focal length required. 

• ."■.• 

80. A good illustration of the formation of a real image 

is furnished by the Photographic Camera. 

This consists essentially of a box with a lens fixed at 
one end ; at the other end of the box is placed a screen. 
The axis of the lens being directed to the object whose 
photograph is required, an inverted image of the object is 
formed within the box. On placing the screen to coincide 
with this image, a distinct inverted representation of the 
object is sden on the screen, and if for the screen be substi- 
tuted a piece of glass properly prepared, the chemical ac- 
tion of the light on the substances -with which the glass is 
covered will leave an accurate delineation of the lights 
and shadows of the original object. 

81. Instead of receiving the inverted image, formed as 
in the last Article, immediately on a screen, let the rays of 
light be caught, before they converge to form the image, by 
a plane mirror placed within the box and inclined to the 
asds of the lens at an angle of 45®. T\i€> ixaa^^ ^^ 'vissfiSQ. 
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be distinctly formed on a scre^i placed in a proper poiitiai 
in a plane parallel to the axis of the lens. 




Thus, if QC be the axis of the lens, AB the mirror, the 
pencil of light emanating from P would after rdhnctioB 
through the lens be made to converge to a -point p in PG 
produced. 

The mirror AB intercepts the light before it readies 
p, and causes it to converge to p\ a point as fieur in iSroiit 
of AB as jE> is behind. 

Thus an image pY of PQ will be formed, and will be 
distinctly visible on a screen of oiled paper or thin ground 
glass placed in the top of the box. 

Such an instrument is called a Camera Obscora. 

82. The Eye itself furnishes another illuatration of the 
formation of a real inverted image. 




The figure represents a section of the riglit tje by 
a piano tlm>ugh the optic nerve. The external boimdsiy 
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of this consists of portions of two spherical surfaces, the 
larger and back part being opaque, the smaller spherical 
portion which is in front being protuberant and trans- 
parent. The back part is called the Sclerotic membrane ; 
the front part, which is set in the sclerotic like a watch- 
^ass in its rim, is called the Cornea. 

Within the sclerotic is another membrane called the 
Choroid membrane. This covers nearly the whole of the 
internal surface of the sclerotic, having a circular opening 
in front. To the border of this circular opening is at- 
tached a membranous ring called the Iris, having its plane 
perpendicular to the line joining the centres of the cornea 
and the sclerotic. The external face of this ring is of 
▼arious colours, and the aperture in its centre, called the 
Pupil, is capable of being enlarged or diminished, so as to 
admit more or less light. 

Behind the iris, and with its axis in the line joining the 
centres of the cornea and sclerotic, is placed a transparent 
gelatinous substance of the form of a double convex lens, 
called the Crystalline lens. The face of this lens towards 
the anterior surface of the eye is flatter, its posterior sur- 
face more convex. 

The space between the cornea and this lens is filled 
with a transparent fluid called the Aqueous humour, that 
between the crystalline lens and the back of the eye by a 
transparent fluid called the Vitreous humour. 

At the back of the eye the Optic I^erve enters through 
the sclerotic and choroid membranes, and forming a slight 
protuberance within the latter, spreads out over nearly 
its whole extent into a delicate tissue of nerves called the 
Eetina. 

The refractive indices of the aqueous and vitreous hu- 
mours are nearly equal to that of water, that of the crys- 
talline lens is somewhat greater. 

The whole of the inner surface of the choroid membrane 
is coloured a deep brown or black and is totally incapable 
of reflecting light. 

If an object of any kind be placed in front of the eye» 
the rays from any point of it are uicvdoiati oiCk. ^Xit^ ^^t&s:^ 
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and are refracted by the aqueous humour, the cryRtaDiBe 
lens, and the vitreous humour, so as to conyerge to a pcHit 
on the retina. 

The eye thus optically resembles a photographic camera. 
A real inverted image of objects in front is formed on the 
retina of the eye, and by means of the optic nerve the im- 
pression is conveyed to the brain. 

This impression remains for a short time after the ligfat 
which forms it is withdrawn. Thus, for instance, if a bri^ 
point be whirled about in a circle, the eye will see it in 
each position for a short time after it has left that positioii, 
and if the point move with sufficient Telocity the ^ye will 
see a ring of light. 

83. The eye is capable of being changed slightly in 
form by the action of certain nerves, so as to bring rays 
which come from points at different distances accurately to 
a focus on the retina. 

This adjustment can be effected at will within certain 
limits which vary for different eyes. 

Some eyes can only be conveniently ac^usted to view 
near objects, as they require considerable diveigenoe in 
the pencils which they can refract accurately to a point on 
the retina ; less divergent pencils being refracted bj theoi 
to a focus in front of the retina. 

In order to see distinctly objects at a greater dktuioe, 
such eyes make use of concave lenses which form a Tirtoal 
image of the object, nearer to the eye than the olject itself 

(Art. 77). Such eyes are caUed short-sighted. 

Some eyes, on the other hand, can only refract pendls 
having slight divergence, such as those which come from 
points at a great distance, accurately to points on the 
retina; more divergent pencils being refracted to points 
behind the retina. 

Such eyes are called long-sighted. To enable them to 
lee nearer objects, a convex lens is employed which fonns a 
rirtual image of any object^ at a greater distance than the 
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object, the pencils from poiDts of which will not be too 
diyergent to be refracted to a focus on the retina (Art. 
77). 

These remarks explain the use of spectacles. 

84. A real image of any object looked at is formed in 
eadi eye of the observer. These images differ slightly from 
eadi other, as the positions of the two eyes with respect to 
any tolerably near object sensibly differ. Thus, in looking 
at a solid object, such as a round pillar, the right eye sees 
more of the right side, the left eye sees more of the left 
side of the pillar. By combining the impressions produced 
on the mind by these two images we obtain an idea of the 
8(^dity of objects viewed, as also of their comparative dis- 
tances. 

The common Stereoscope is an application of the same 
principle. Two photographs are taken of the same object 
from points of view a little distance apart. These photo- 
graphs are so placed that the right eye looks only at that 
one which was taken from a point of view most to the 
rights while the left eye looks at the other : by this means 
an appearance of rehef can be imparted to pictures of 
solid objects, such as statuary, trees, or buildings. 

This appearance can be produced even in the pictures 
of objects which are too distant to appear differently to 
onr two eyes. For instance, if photographs of the moon 
be taken at two different times, on one of which, owing 
to libration in longitude, more of its east limb is visible, 
and on the other more of its west limb, and the two pho- 
tographs be placed in a stereoscope, the two pictures com- 
bined will produce the impression of a solid globe of very 
small dimensions. 

86. No eyes are capable of seeing distinctly objects 
placed very close to them. Consequently it is impossible 
for an unaided eye to obtain a clear view of a very small 
object; for such an object will not subtend a sensible angle 
at the eye, unless it is placed too near to the eye for the lat- 
ter to be able to refract the rays emanating from any point 
of the object accurately to a focus on the retina. 
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In such a case a convex lens placed dose to the eye, 
between the eye and the small object, will produce a yirtoal 
image of the object behind the lens (Art 77, fig. 1), which 
will subtend the same angle at the centre of the lens as 
the object, and yet may be made to appear at any suitable 
distance. 

Thus, by the use of such a lens, a small object may be 
magnified, that is, an image of it may be formed at sadi a 
distance as to be distinctly risible and subtending a sei- 
sible angle at the eye. 

Such a lens, employed for this purpose, is called a 
simple Microscope, and is used in botanical and other inyes- 
tigations. 

A combination of two lenses having a common axis, and 
placed a little distance apart, can be used for the sanoie pm^ 
pose: the first lens forming a virtual magnified image, 
which is again magnified by the second. 

In either case the magnifying power is fairly measured 
by the ratio of the angle subtended at the eye by the final 
image to the angle which would be subtended by the 
object at the eye, if the object were placed at a distance 
from the eye equal to that of the final image. This ratio is 
easily seen to be the ratio of the linear magnitude of the 
final image to that of the object 

In order to magnify or examine minutely a distant ob- 
ject we cannot use exactly the same method. 

The following is the general plan on which Optical 
Instruments for this latter purpose are constructed: 

A lens or mirror, called the Object-glass or Mirror, is 
first used to produce a real image of the distant object 
This image is close at hand, and can be examined and 
magnified by a lens as if it were a real object 

Such instruments are called Telescopes. Their con- 
struction is explained in the next Chapter. 
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EXAMPLES. CHAPTER VII. 

1. A convex lens, of focal length one-fifth of an inch, is 
used as a simple microscope by an eye which sees most distinctly. 
at ft distance of 14 inches ; fiDd the magnifying power. 

3. A long'sighted person, who can see most distinctly at a 
distance of two yards, uses glasses of two feet focal length ; at 
what distance from the glasses should the object be placed? and 
how much wiU it be magnified? 

S. Shew that when an im&ge of any object is formed by a 
fixed oonvex lens, there are two positions of the object for which 
the size of the image is m times the size of the object, and that 

the distance between the two positions is -^ , / being the focal 

flit 

UaigfikL of the lens. 

4. A screen, placed at right angles to the axis of a lens, 
feceiTes the image of a small object. If the magnifying power 
of the lens in this position be 20, then the distance of the lens 
firom the screen is 21 times the focal length. 

5. A bright point is placed on the axis of a convex lens, so 
that the distance between the point and its image is the least 
possible: prove that if a concave lens of the same 'focal length 
jjie introduced half-way between the bright point and the convex 
ieeSy tile image will be moved half as far again from the lens. 

6. A convex lens is held so that the distance between a 
bright point and its image is the least possible : two other lenses 
are then introduced, one half-way between the lens and the 
bright point, and the other half-way between the first lens and 
the image. If the image formed by refraction through the 
three lenses have the same position as the former image, prove 
that the sum of the focal lengths of the three lenses is algebrai- 
cally zero. 

7. A double convex lens of focal length / is at a distance 
b from a plane mirror, and the axis of the lens is perpendicular to 
the mirror ; shew that if a man places his eye at a distance from 

the lens \},j,' J on the other side from the mirror he will see 
2 (/- 6) 

the image of his eye by parallel rays. 



104 On Images and Simple Optical iMtmmenJts* 

8. A person who reads amall print at a distuioa of two feet 
finds that with a pair of plano-convex spectacles he can read tX 
at a distance of one foot ; find the radius of the eurved snrfaoe, 
the refractive index of glass being |. 

9. If a convex lens be placed between any Inminons objert 
and a screen, find the position of the lens that a real image may 
be formed on the screen. Prove that there are two such poii* 
tions, and that if %, m, be the ratios of the image to the object 
in these two positions, m^ m| = l. 

10. When an object is placed before a convex lens whose 
focal length is/, at a distance 4/ from the lens, shew tiiat the 
image is twice the object in linear dimensions. When the object 
is placed at double tiiis distance from the lens, shew that the 
length of the .image is one-half the length of the object. 

11 . The image of a very distant object is formed by % oonvex 
lens ; a plane mirror is placed at a distance from the lens equal 
to -| the distance of the image from the lens, perpendicular to 
the axis ; shew that a second real image will be f<Hnned by the 
reflected light on the other side of the lens, of the same linear 
dimensions as the first. 

12. An object is placed at a distance e in front of a convex 
lens whose focal length is a, o being greater than a. A concave 
mirror whose focal length is & is placed at a distance a behind the 
lens. An image of the object is formed by rays whidi are re> 
fracted through the lens, reflected at the mirror, and again re- 
fracted through the lens. Shew that this image ia at a dlstanee 

•J-+ c-2a behind the lens, and that it is equal in magnitude to 
the original object, but inverted. 

13. A magnifying-glass consists of two convex lensee whose 
thickness, as also the distance between them, may be neglected. 
When used by a person who can see most distinctly at a distanoe 
of eight inches, the ratios of the magnifying powers of the first 
lens alone, the second alone, and the two combined are aa 8 :4:5. 
Find the focal lengths of the lenses used. 
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ELESCOPES are of two kinds : 



Refracting Telescopes, in which a convex lens is em- 
ployed to produce an image of the distant object 

. Reflecting Telescopes, in which this image is produced 
by means of a concave mirror. 

87. The most important kind of Refracting Telescope 
is usually called the Astronomical Telescope. 

In its simplest form it consists of two lenses, placed so 
tfs to have a common axis, the lens which is nearest to the 
object viewed, and which is called the Object-glass, having 
a much greater focal length than the other, which is called 
the Eye-glass. 
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Let be the centre of the object-glass, E that of the 
eye-lens, PQ the object to be looked at, which is osaally aia 
very great distance from the object-glass. The rays from 
any point P of this object will be incident centrically on 
the object-glass, and will converge to a point p in PO pro- 
duced (as in Art. 77, fig. 2). Thus a real inverted image pg 
of the object is formed. 

The eye-lens receives the pencil of rays which diveiges 
from the point j9 and refracts them so as to make them 
diverge from some point jp' on JSp produced. (Art 74) 

A virtual image p^q' of the object will thus be formed, 
which can be seen by an eye placed dose to the eye4ena 

By altering the position of the eye-lens the position of 
jt/g' may be altered until it is at a convenient distance for 
the eye to see it. It is usual to assume p V &t an infinite 
distance, so that the rays emerge parallel from the eye-leUi 
In viewing objects at a very great distance, such as the moon 
or stars, the eye will probably adjust itself so as to be fitted 
for receiving parallel rays, and if so, the above assomption 
will be correct. 

In this case Eg will be the focal length of the eye- 
glass, and if PQ be very distant from O, Oq will be the 
focal length of the object-glass. 

Thus Oj&^.will be the sum of the focal lengths of the 
lenses. 

The eye-glass and object-glass are fixed in two tubes, of 
whic^ the eye-glass tube slides in the other to permit of 
proper adjustment for different eyes. 

88. The magnifying power of such a telescope will be 
fairly measured by the ratio of the angle subtended at the 
eye by the final image of any object to the angle subtended 
at the eye by the object itself. 

If the distance of the object be very large compared 

with the length of the telescope, the angle subtended by 

he object at the eye of the observer will not appreciably 

liffer from that subtended by it at the centre of tiie object- 

rlass. 
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Thus, sappoBing the eye placed close to the eye-lens, the 
magnifying power will be appreciably 

_ ipJEq __ LpEq 
" L POQ " I pOq 

_ t2kupEq 

~ tAupOq ' 
since the angles are all small in practice, 
pq 

Eq Oq _ focal length of object-glass 
"pq ~ Eq " focal length of eye-glass ' 
Oq 

taking the approximate values of the last Article for Oq 
andEq. 

89. The office of the object-glass is thus to form near 
at hand an image of the distant object. The eye-glass is 
used to magnify this image just as if it were a real object 
(Art 85.) 

This image differs however from a real object in that 
the rays of light do not diverge in all directions from the 
various points of it. The rays from p, for instance, only 
proceed in the lines in which rays have come to p from 
some point of the object-glass. 

Thus, if the eye were simply placed to view jp^ without 
the intervention of an eye-glass, not only would it have to 
be placed farther from pq in order to ensure distinct vision, 
and pq would thus appear to subtend a smaller angle at 
the eye, but the pencils from points in pq a short dis- 
tance away from the axis OE would not come into the eye 
ataU. 

The image would thus not only not be magnified, but a 
much smaller portion of it would be seen than is the case 
when an eye-glass is used. Thus a second advantage of 
the eye-glass is, that the pencils from points outside the 
axis are bent round so as to enter an eye placed close to 
the eye-glass. 

The amount of the object that is visible through the 
eye-lens is termed the fidd of view. It will evidently be 
circular in form, and the angle subtended by its radius at 
the eye can be eajsilj ascertained. 
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It is clear that any point p of the imagfe will he dis- 
tinctly seen, if the whole of the pencil which convergeB to 
form it is incident on the eye-glass. 




This will be the case if the lowest ray, after passing 
through p, is incident on the eye-lens ; flins the pdnt 
farthest out of the axis, which is visible by a whole pencil, 
is a point p, such that the ray of its pencil which comes 
from the top of the object-glass just comes to the bottom 
of the eye-glass. 

Let now -&{7=»y,=half aperture of eye-glass, 

AO=y^- half aperture of object-glass, . 

Eq=f, = focal length of eye-glass, 

Oq-f^ = focal length of object-glass. 

Drawing a line hpk through p parallel to EO^ we get by 
similar triangles 

Gh\hp \\ Ah : hp ; 
.*. /,yc+f,'Pq=foyt-fo >pq ; 

and the angular radius of the field of view 
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90. It is easy to see that from a point a little below p^ 
a portion only of the pencil will fall upon the eye-lens, this 
portion getting less and less until, from points beyond a 
certain distance from the axis, no «part of the pencil wiU 
reach the eye-lens. 

There will thus be a ring of points imperfectly seen, 
surrounding the distinct field of Tiew. This ring is known 
as the Ragged Edge. It is usually destroyed by a material 
ring placed so as to stop all the rays of the pencils of which 
part only would fall on the eye-lens. 

The radius of the aperture of this ring is clearly the 
yalue of pq given in the last Article. 

It will be noticed that the pencils from difiEerent points 
of the image pq do not fill up the whole of the eye-glass. 
They are thus incident excentrically on the eye-glass in 
conformity with the remark of Art. 72. 

91. The axes of the small pencils which fall on the eye- 
piece, and by means of which the image is finally seen, are 
bent in passing through the eye-lens. 

It is found, when the calculations of the form of a 
pencil, after excentrical refraction through a lens, are car- 
ried to a higher approximation, that our assumption, that 
the virtual image j/ of any point p lies on the line I^, 
is not absolutely correct, and that it becomes less and less 
correct the farther the point jt? is distant from the axis. 

The image p'q' actually seen is thus distorted from the 
shape of pq, and ceteris paribus it is found that this 
distortion increases as the focal length of the eye-lens 
decreases. 

To remedy in some measure this evil, a combination of 
two lenses placed at a short distance from each other is 
often employed instead of a single lens. 

The axis of the excentrical pencil is thus bent round at 
one lens and again bent round at the other, and it is found 
by experience and by calculation that the distortion pro- 
duced in this way is much less than would be produced by 
a single lens equivalent to the combination of the two 
lenses. 
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92. Two such combinations have been specially used. 
In the first, known as Ramsden's Eye-piece, ttie two lensen 
are of equal focal length, and the distance between them u 
equal to two-thirds of the focal length of either. 

The lens nearest to the eye is called the Eye-lens, and 
the other the Field-glass. 




Thus let pq be the image produced by the object-gifug 
and let / be the numerical value of the focal length of 
either lens. Let F and E be the centres of the two lenses. 
The field-glass will form a Tirtual image oi pq m9k posi- 
tion ^g^, such that 

JL 1__1 

Fq F^~r 
This image, in accordance with the assumptions explained 

in Art. 87, will be nearly at the principal focus of the eye- 

2 
glass. Thus E^=f, and since EF=^fi we must have 

iV=|/, whence i^3'=i/ 

The eye-piece will therefore be placed so that the image 
formed by the object-glass is nearly at a distance ^f ^ 
front of the field-glass. 

93. In the other combination, knc^ as Huygfaens' 
Eye-piece, the focal lengths of the lense^ are in the ratio of 
1 to 3, the distance between them being equal to the 
difference of their focal lengths. 

Let E and F be the centres of the eycrlens and fidd- 
gla8s,/aud ^the numerical values of their focal toogths.. 
Then EF=^f. 
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The eye-piece is so placed that the rays which, after 
refraction throagh the object-glass, converge to form any 
point p of the image are incident on the field-lens before 
reaching p. 

They are thns made to converge approximately to some 
point j/ in the line Fp, and a real image p'q' is formed by 
the field-lens. 

This image must be nearly in the principal focus of the 
eye-lens, and must therefore be half-way between E and F, 

We have also 

Fq" Fq 3/* 

3/* 3 
whence,8inco jy =^=/, we get Fq=^=^-FE. 

2 4 

A second important advantage of Huyghens' eye-piece 
will be pointed out hereafter (Art 117, end). 

94. The image of the distant object formed by the 
object-glass being formed by centrical pencils, the angle 
subtended at the centre of the object-glass by any part of 
the object is equal to that subtended at the same point by 
the corresponding part of the image. 

The latter angle^ and consequently the former, can be 
deduced if we measure the linear magnitude of the part of 
the image, the distance of this image from the object-glass 
being known. 

The image formed by the object-^^Aa "Wca^^^NS. ^^ "osafe ^ 
MioghJenapr Eamsden's eye-piece, a xea^VaMa^^V^^^I^''''*^ 
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of glass with lines ruled on it at equal distances be placed 
to coincide with the image, it is clear that the lines on the 
glass will be distinctly seen through the eje-pieoe akog 
with the image. 

Thus the distances of points on the image from eadi 
other could be ascertained by noticing the number of inte^ 
vals on the glass scale between them. 

A better arrangement is to place in the field of view a 
framework carrying one or more fine wires or spider 
threads, which can be moved along the framework bj 
means of a screw. 

If the framework be so placed that the plane of the 
moveable wires coincides with the real image, the distance 
between any two points of the image can be measured fay 
moving the wire from one point of the image to the other, 
and noting how many turns of the screw are required 
to effect this displacement. The distance between two 
consecutive threads of the screw being known, the reqdred 
distance is thus obtained. 

The obliquity of the pencils which are refracted by the 
object-glass is in practice always very small. The angle 
subtended at the centre of the object-glass by the line 
joining two points of the image is thus nearly proportional 
to the linear distance of the points from each other, and its 
circular measure will be nearly equal to that distance 
divided by the focal length of the object-glass. 

Huyghens' eye-piece cannot be used for such measure- 
ments, as the image given by the object-glass is never 
actually formed. 

95. The astronomical telescope gives us thus the 
means of viewing any distant object under a much greater 
angle than we could view it with the naked eye. It has 
also another advantage. 

In viewing any object vnth the naked eye, only so mndi 
light comes from each point of the object as wOl fill tiie 
pupil of the eye. 

In viewing the same object with the telescope^ raoh an 
amount of light comes into the eye from each point eif the 
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object as when originally proceeding from that point fills 
the olyect-glafis. 

Thus much more light will enter the eye in the latter 
sase than in the former. A telescope enables us, for in- 
stance, to see stars which are so faint that the naked eye 
sannot distinguish them ; and the larger the object-glass in 
liameter the more will this effect be produced. 

96. The only condition necessary that a convex lens shall 
'orm a real image of an object in front of it is, that tho 
)bject shall be farther from the lens than its principal 
focus (Art. 77). 

The astronomical telescope may thus be modified so as, 
bo view near objects, if the focal length of the object-glass 
be diminished. 

It then becomes a Compound Microscope, 

Let O be the centre of the object-glass and let PQ be 
the object, OQ being a little greater than the focal length 
of the object-glass. 




An inverted real imaq^e pq is formed by the object- 
glass, which image is again viewed and magnified by the 
eye-lens. 

In practice the conditions required to be satisfied by 
a microscope are so different from those of a telescopo 
that such an instrument as the above would be of little real 
value. 

The pencils from any point of the object are so divergent 
the object being near to the object-glass, and for points of 
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the object outside the axis so obliquely incident, that the 
approximations of the previous chapters of this treatise 
fiedl accurately to represent the facts. 

In the compound microscopes which are actually used, 
a series of three lenses placed near together is substitated 
for the single lens 0, and instead of a single eye-lens a 
compound eye-piece of two lenses is used. 

The theoretical investigation of the proper forms of tbe 
lenses involves considerations into which this book cannot 
enter. 

97. The compound microscope of the last Article pro- 
duces an inverted image of the object placed in front of it 
If then, instead of a single lens, or Kamsden's or Huyghens* 
eye-piece, a compound microscope be applied to view tbe 
real image formed by the object-glass of the telescope in 
Art 87, the image formed by the object-glass which is in- 
verted, will be inverted again, and the eye will see an erect 
image of the original object. 

Such an arrangement is called an erecting eye-piece, and 
is applied to telescopes used for observation of terrestrial 
objects. The ordinary erecting eye-piece consists of four 
lenses, two of which may be considered as the object-glass 
of the compound microscope, and the other two as the ^e- 
piece. 

98. The second kind of refracting telescope is usoallj 
known as Galileo's Telescope, from the name of the in- 
ventor. 

A double convex lens is employed as before to form an 
image of the distant object. 

A concave lens is placed with its axis in the same line 
as that of the object-glass so as to catch the rays before 
they have converged to form the image. 

Thus a pencil from a point P of the object, falling on 
the object-glass, would be refracted to a point p in PO 
produced, being the centre of the object-glass. 

Some portion, not the whole, of this pencil is caught by 
tlie concave lens j^, which is so placed that the pendi con- 
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verging topis made to diverge from a point p' in pE pro- 
duced. This will be the case if Eq be not less than the 
focal length of the lens E, 

The pencil will then enter an eye placed close to Ey as 
if it came from j9', and the eye will see an erect image of 
PQsLtp'^. 

The Ipns E will be adjusted so that this image is at a 
convenient distance for distinct vision. 

If we make the assumption that />V ^ &^ ^^ infinite 
distance, and PQ also at an infinite distance, as in ^rt. 87t 
it is easy to see that Oq is the focal length of the object- 
glass, and Eq that of the eye* glass, so that OE is the differ- 
ence of the focal lengths of the object and eye-glasses. 

99. The field of view in this telescope is limited by the 
object-glass, and not by the eye-glass as in the Astronomi- 
cal Telescope. For it is clear that the pencil from every 
point that is clearly seen fills up the whole of the eye-glass, 
while it is only a portion of the pencil that actually falls on 
the object-glass which is used in producing vision. 
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The refraction of the pencils is thus centrical at the eye- 
glass and excentrical at the object-glass as far as the rays 
actually useful are concerned. 

The field of view can be calculated as in the case of the 

Astronomical Telescope. 

The lowest point of the image pq that is seen by a full 
pencil is the point which is formed by a pencil whose 
highest ray passes through the top of the object-glass, and 
consequently the distance of this point from the axis and 
the angular magnitude of the field of ^iew can be obtained 
by similar triangles, just as in Art. 89. 

If ?/o, ye are the radii of the apertures of the object 
and eye-glass respectively, and ^, /e the focal lengths of 
these lenses ; with the assumptions at the end of the last 
article, we have, by similar triangles, 

• • J/'i ~ ^ /• > 

and the angular radius of the field of view 

In order to ensure a large field of view the aperture of 
the object-glass must therefore be considerable. 

The magnifying power of Galileo's Telescope will also 
easily b^ found to be expressed by the ratio of the fbcal 
length of the object-glass to the focal length of the, eye- 
glass. 

The chief advantage of Galileo's Telescope is, that it 
gives an erect image with the use of only two lenses. 

It cannot be used for measurements, as the image 
formed by the object-glass is a virtual one. 

The ordinary Opera-glass consists of a pair of Galilean 
Telescopes placed with their axes parallel 
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100. We have now to consider the second class of 
Telescopes, in which the image of the distant object is 
formed by a reflecting spherical surface. 

The different kinds of reflecting telescopes chiefly differ 
in the arrangements made for viewing and magnifying this 
image. 

We shall first describe, as the simplest form, and the 
one which has been used for the largest reflecting tele- 
scopes, Herschel's construction. 

101. Herschel's Telescope consists essentially of a large 
concave mirror. 



Let A be the centre of the face of the mirror, the 
centre of the spherical surface of which it is formed. 

Let PQ be any distant object. 

The rays from any point P of this object will fall upon 
the mirror, and be approximately reflected to some point p, 
in PO produced. This assumption is equivalent to taking 
the secondary focus of the reflected pencil as the point of 
convergence of the whole pencil, an assumption which will 
not be far wrong if, as is always the case in practice, the 
obliquity of the pencil from P be very small. 

Thus a real inverted image of PQ will be formed at pq. 

The riays which have converged to form the points of 
this image are then received on a convex lens of short 
focal length, by which a larger virtual image of pq i& 
formed, as in the Astronomical Telescope. 

This lens is placed towards one side of the tube, at one 
end of which the lai^e mirror A Sa fiiA^y «sAm>(}cL>^« 



118 



On Compound 



slightly inclined to that of the large mirror. The light 
from the point P is thus not intercepted to any great 
extent by the observer's head, but the eye is only able to 
perceive parts of the image which have been formed by 
slightly oblique pencils. 

The reader who has carefully studied and understood 
the investigation of the field of view and magnifying power 
in the case of the Astronomical Telescope will have no 
diflSculty in investigating similar formulse for Herschel's 
Telescope. 

102. A slightly different construction more suitable 
for small telescopes is known as Newton's Telescope. In 




this telescope the rays from any point P are reflected by 
the large mirror so as to converge to a point/?. 

An inverted image of the object PQ would thus be 
formed at pq just as in the last Article. 

A plane mirror is placed vnth its plane inclined at an 
angle of 45^ to the axis of the object mirror, so as to inter- 
cept the pencils before they converge to points of pq. 

By this mirror the pencil converging to p will be made 
to converge to p\ a point at the same distance in front of 
the plane mirror as je? is behind it. 

A real image p'^ of PQ is thus formed, which can be 
viewed by an eye-lens or eye-piece placed in the side of the 
ube which carries the large mirror, the axis of thp eye- 
ece being at right angles to that of the large mirror. 

The adjustment for distinct vision can be made by 
tachiDg the small plane unrroT lo Wiq q^^^vqoq and 
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giving them both a motion parallel to the axis of the object 
mirror. 

By moving them towards A the plane mirror is removed 
fiu^her from pq, and p'q' is thus brought nearer to the eye- 
lens. By moving them in the opposite direction, p'^ is 
removed farther from the eye-lens. 

The magnifying power and field of view can be investi- 
gated by a similar process to that given for the Astro- 
nomical Telescope. 

103. Two other forms of reflecting telescope remain to 
be described, Gregory's and Cassegrain's. 

In each of these the large mirror is pierced with a 
circular aperture in its centre, to receive the eye-piece. 

The pencil of rays from any point P of a distant object 
ftJls upon the obj eel-mirror and is reflected to converge to 
a point j9 ; thus an image pq of any object PQ is formed. 

Fig. (1). 




In Gregory's Telescope the pencil after converging to p 
18 received on a small concave mirror whose axis coincides 
with that of the large mirror, and is reflected so as to 
converge to a point p' in pO' produced, (/ being the 
centre of the spherical surface of this small mirror. Thus 
& real erect image p'q' of PQ is formed, and the position of 
the small mirror is so chosen that this image can be dis- 
tinctly viewed by the eye-piece B, which is capable of a 
Blight adjustment for this purpose. 

In Cassegrain's Telescope the pencil of rays from P is 
caught before it converges to 2> by a smaJI\ ck>\£s^i^ \s^xtn 
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by which it is made to converge to a point p' in (Xp prrv 
duced, O' being the centre of the spherical surface of this 
small mirror. 



Fig. (2). 




Thus an inverted real image of the object PQ w fomied 
at p'gf, and the small mirror is so placed that this image 
can be conveniently viewed by the eye-piece. 

The investigation of the field of view in these tdesoopes 
is too complicated to find a place in this treatise. We will 
give an approximate investigation of the magnifying powor 
in Gregory^s Telescope. 

Let F be the focal length of the large mirror,/;, that of 
the small mirror, /« that of the eye-piece. 

Then approximately with the usual conventions^ inFig.(l) 

Oq = F, Eq;=U 

Also the distance of the image p'(][ from the small 
mirror is in practice very large, compared with the focal 
length of the small mirror. Hence approximately we may 
take Oq=f^'y whence we get also (/(i^qi-^Oq^F-f^ 
nearly. 

Now the magnifying power is evidently measured by 
the fraction 

I p'Eq ip'Eq' E<i . . , 



Oq 
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gnifymg power = ^— - 



Oq OV Oq 



pq * Eq' Oq ' Eq 

= ^- nearly, 

\ is small compared with F, 

)gory's construction is frequently used for small 
ng telescopes, and the fact of its giving an erect 
is an advantage in viewing terrestrial objects. For 
telescopes, the difficulty of supporting the small 
accurately in its right position without being liable 
lors diminishes its value. For such telescopes the 
lopted by Herschel is the best. 

. It is sometimes convenient to be able to turn 
h a right angle the direction in which the eye sees 
I through a telescope or microscope. This can be 
i by placing in front of the eye-piece of the tele- 
r microscope an instrument called the Camera Lucida. 




s consists of a glass prism whose section perpen- 
to its axis is a quadrilateral figure ABCD^ one 
f which -4 is a right angle, the angle G opposite A 
n obtuse angle of such a magnitude that a ray of 
hich enters i)iQ prism at right dSi%\(^% \a AB^ ^dodS 
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after internal reflection at BC and (7Z> emerge in a direc- 
tion at right angles to AD, 

The deviation of this ray being thus a right angle, the 
acute angle between CB and BC must be half a right 
angle or BCD must be 135^ 

The angles at B and D are equal and therefore eaA 
equal to 67^ degrees. 

With any ordinary kind of glass it will be found that 
rays incident on BC perpendicular to ^^ are incident at 
an angle greater thfui the critical angle and are totally 
internally reflected. The same will happen at CD and 
thus no light will be lost. 

This will also be true for rays slightly inclined to tins 
direction. If therefore a pencil of light emanating from a 
point P be incident on the lower part of AB^ with its axii 
only inclined at a small angle to the normad to AB, this 
pencil will emerge from AD with its axis at rig^t angles to 
its original direction and the eye will see an image of tiw 
point P at some point P' in this new direction. 

Thus, for instance, if the tube of a microscope be placed 
horizontally, and the camera lucida be placed close in front 
of its eye-piece, the pencils of light diverging from different 
points of the virtual image formed by the eye-piece will, 
after passing through the camera lucida, give to the eye tlie 
impression of a horizontal image of the object viewed 
through the microscope. 

The eye- piece can be adjusted so that this horizontal 
image shall appear at any required distance, and if a piece 
of paper be placed below the eye at this same distance and 
the eye be placed with its pupil only half over the edge of 
the camera, the paper and the image will be distinctly 
visible together and will appear to coincide. 

A drawing of the image can thus be accurately made. 

It can be shewn by calculating the position of the foci 

^fbcr each refraction and reflection that, if the size of tihe 

amera be small compared with the distances oi P or P* 

rom it, the point P' is at the same distance from the e^t 

AS P. 
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EXAMPLEa CHAPTER VIII. 

1 . The focal lengths of the object-glass and eye-glass of an 
Mfao nomical telescope are 15 inches and 5 inches respectively, 
and their radii 3 inches and 2 inches respectively. Find the 
ndins of the stop which will cut off the ragged edge. 

2. The diameters of the eye-glass and object-glass of an 
Mtronomical telescope are 1 inch and 6 inches respectively, and 
their focal lengths 1 inch and 20 inches respectively. The axis 
is pointed to a rod of infinite length at a distance of 150 feet. 
Hod how much of the rod can be seen in the telescope. 

8. Shew that the magnifying power of an astronomical 

iF 
iekeoope furnished with a Ramsden's eye-piece is -.. ; if ^ be the 

focal length of the object-glass, and / that of either lens of the 
eye-piece. 

4. If thd object-glass of an astronomical telescope be con- 
■idered as a luminous object, the eye-piece will form a real 
image of it. Shew that the magnifying power of the telescope 
is equal to the ratio of the diameter of the object-glass to the 
diameter of this real image. 

5. If the focus of the eye-glass in a Gregory*s telescope be 
at the centre of the aperture of the large mirror, and d be the 
distance from the large mirror of the image of the small mirror 
formed by it ; shew that the magnifying power of the telescope 

maybe estimated as -^ where/ is the focal length of the eye-glass. 

6. 4- person uses the same lens for the field-glass of a Rams- 
den*B and a Huyghens* eye-piece; prove that the magnifying 
power of his astronomical telescope when fitted up with the latter 
is half as great again as when fitted up with the former. 

7. The axis of an astronomical telescope is directed to the 
son so that a real image of the sun is formed by refraction 
through the object-glass and eye-glass on a screen held perpen- 
dicularly to the axis of the telescope. If a be the diameter of 
this image, a the apparent angular diameteoe ot VXie %\av^ di '^^b 
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distance of the screen from the eye-piece, and m the magnifyiag r' 

a cot - 
power, shew that «i=— — ^. 

8. A Galileo^s telescope is adjusted so that a pencil from u 
object 289 feet distant emergeti as a pencil of parallel rays ; tin 
focal length of the object-glass is one foot, and of the eye-giia 
one inch : shew that if the axis is directed towards the bod, aid 
a piece of paper be held 23 inches from the eye-glass, an image ol 
the sun will be formed on the piece of paper. The min'i apptmil 
angular diameter being cot ~^ 120^ what is the size of this imagt^ 
and is it erect or inverted? 

9. The focal length of the object-glaas of an aa ir on e n n oJ 
telescope is 20 feet and its aperture 15 inches. The eye-glaa 
has a focal length of one inch and an aperture of half-an-iooL 
What proportion of the moon's disc can be seen at once in tbi 
telescope, the angular apparent diameter of the moon being hiX 
a degree? J 

10. Calculate an expression for the field of view of an 
astronomical telescope fitted with Bamsden's eye-piece, the 
apertures of the object-glass and field-lens being given. Bod 
what must be the least size of the eye-lens in order that no light 
may be lost. 

11. An eye can see most distinctly at a distanoe of a feet 
The focal lengths of the object and eye-glasses of an astronomical 
telescope being /q, ft feet respectively, and their semi-apertnra 
Pq and Pf inches respectively, calculate an ezpressioQ for the field 
of view and magnifying power when the telescope is adjusted for 
distmct vision. 

12. The focal length of the object-glass of an astronomical 
telescope is 40 inches, and the focal lengths of four lenses, form- 
ing an erecting eye-piece, are respectively f , \, \ and^ inches, 
beginning with the field-lens. The intervals between the first 
and second, and between the second and third, being one inch 
and half-an-inch respectively ; find the position of the eye-lens 
and the magnifying power, when the instrument is in adjastment 
for eyes which can see with parallel rays. 

13. An astronomical telescope is fitted with a Bamsden's 
€(ye-jnece^ and is adjusted for distinct ^^imon. oC distant objecik 
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. convex lens, whose focal length is /j, is placed in contact with 
LO object-glass, whose focal length is F. Show that the instru- 
ent will remain in adjustment if a concave lens be placed in 
»Dtact with the field-glass, the focal length of the concave lens 

sing/ j 1+-4 (^+/i) I » where 4/ is the focal length of the 

aid-glass. 

Und the magnifying power in this latter case. 

14. The lenses of a common astronomical telescope, whose 
lagnifying power is 16, and length from object-glass to eye-glass 
I inches, are arranged as a microscope to view an object placed 

c^ an inch from the object-glass; find the magnifying power, 
ie least distance of distinct vision being taken to be 8 inches. 

15. A Galileo's and an astronomical telescope have object- 
lasses of equal focal length and aperture. Their eye-glasses 
«ve eqaal focal lengths and they have the same field of view for 
omplete pencils ; prove that the diameter of the stop in the astro- 
x>mioal telescope should be half the difference of the breadths of 
he eye-glasses. 

16. An astronomical telescope is adjusted to view an object 
i an infinite distance and is fitted with a Huyghens' eye-piece ; 
hew that its length is i^+^/ where F, f ara the focal lengths of 
he object-glass and eye-glass. 

17* FlK>ve that when a ray of light is incident on a Huy- 
glens' eye-piece parallel to the axis, it suffers an equal deviation 
kt each lens. 

Shew that this will be the case with any eye-piece composed of 
wo convex lenses, provided that the distance between the lenses 
B equal to the difference of their focal lengths. 



CHAPTER IX. 

ON DISPERSION AND ACHROMATIC COMBINATIONS. 



105. TT has been hitherto assumed that, when a ray 
JL of light is refracted out of oue medium into 

another, there is only one refracted ray corresponding to 
each incident ray. 

It was however discovered by Newton that this is not 
the case with the light of the sun, but that when a ray of 
sunlight is refracted from air into glass it is separated into 
a large number of different refracted rays. Newton in 
effect proved that sunlight is really composed of an infinite 
number of rays of light of different colours, varying grada- 
ally from red through orange, yellow, green, blue, indjgo to 
violet, and of correspondingly different refrangibilities, the 
index of refraction being least for the red light and in- 
creasing by imperceptible degrees, till it becomes greatest 
for the violet light. 

106. Newton's original experiment was conducted some- 
what in the following manner : 

^ is a sm:vll hole in the shutter of a darkened room, 
through which the sunlight comes into the room. From 
each point of the suu*s disc a small pencil will come whose 
base is the opening A, If A he very small, so that this 
pencil may be considered to be a single ray, the assemblage 
of these pencils outside the room will be approximately a 
conical pencil whose vertex is^, and whose base is the disc 
of the sun. This cone produced will form a pencil of light 
with the same solid angle, within the room ; and, if it fidls 
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on a screen placed perpendicalarly in its path, will form a 
round patch of white light which is in fact a rough image 
of the son. 

A prism of glass is interposed so as to receive this 
pencil near to its edge; and it is then found that if the 
light be received on a screen, there is formed, not a round 
patch of white light, but an elongated strip of coloured 
lights the longer diameter of which is perpendicular to the 
edge of the prism, and the colours of which proceed from 
red to violet, the red being the least deviated, and the 
violet the most. 

If the prism be turned about its edge a position can 
easily be found in which the deviation of the light in pass- 
ing tiirough the prism is a minimum. This will be the case 
when the coloured patch, which is called a spectrum, as- 
sumes the position nearest to that occupied by the white 
patch when the prism was away. 

Now, we know, that if the refractive index of a ray be 
given, the minimum deviation through a prism of a known 
angle is given. Hence it is not unreasonable to infer that 
the white light consists of a number of rays of different 
colours and correspondingly different refrangibilities. 

107. Some other experiments were however considered 
necessary by Newton before he accepted this vieyr, ¥<»: 
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instance, placing a second prism with its edge at right angles 
to that of the first, so as to catch the light after refraction 
through the first, he found that the spectrum formed on the 
screen was no broader than before but was shifted sideways, 
the amount of displacement varying for the different colours 
being greatest for the violet and least for the red rays. 

The following is perhaps the most simple and satis- 
factory experiment. 

The light, after passing through the prism, is received 
on a screen, with a narrow slit M in it parallel to the edge 
of the prism ; all the light therefore, except the small po^ 




tlon which is incident on the slit, is stopped by the screen. 
At a short distance behind this, another screen, with a slit 
N in it, is placed ; and behind this is placed a second 
prism with its edge parallel to that of the first 

We are thus sure that no light can be incident to the 
second prism, except in the particular direction MN, 

By turning the first prism round its edge, we can make 
all parts of the original spectrum pass in succession over 
M, and this causes the red, orange, &c. light in succession 
to fall on to the second prism, all at the same angle of 
incidence. 

On performing this experiment, it will be fomid that 

Then the red light and violet light are thus in succession 

cident at the same angle on the second prism, the red 

^ht is not so nmch bent as the orange, the orange not so 

uch as the green, and so on, the violet being most refracted. 

From these and similar experiments it is concluded that 

white sunlight consists of an infinite number .of kinds of 
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light of dififerent colours and refrangibilities, the red being 
least refracted and the violet most refracted. 

It is found that the same is true of the light emitted by 
a candle, a burning coal, or any glowing heated body in a 
solid or fluid state. 

108. It remains to show how to separate completely 
the different kinds of light of which white light is com- 
posed. This, it will be observed, is not effected in Newton's 
fundamental experiment, because each kind of light pro- 
duces a circular spot of light on the screen, and the circles 
corresponding to different colours will overlap each -other. 

Let A, as before, be a small hole or, better still, a nar- 
row slit parallel to the edge of the prism through which 
light comes from the sun or other luminous body. 

When the small pencil from A falls on the prism near 
its edge, if the prism be placed in such a position that the 




deviation is a minimum, we know that the rays of the 
pencil, after refraction through the prism, approximately 
diverge from a point at the same distance from B as the 
original point of light A (Art. 66, end). 

This will bo true for light of each kind of refrangibility, 
but the points will be different for each kind of light. Thus 
a series of virtual images of A will be formed all nearly at 
tiie same distance from B si& A is, B the red image being 
highest, and Fthe violet image being lowest 

A. 0,0. ^ 
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If an eye be placed close to the edge of the prism so as 
to receiye the light after passing through the prism, it will 
see this series of virtual images, and if the hole or slit A 
be very small, the eye will thus see &pure spectrum^ that 
is a spectrum in which the colours are unmixed. 

109. Instead of placing the eye close to the prism, it is 
better to place an astronomical telescope so as to receive 
the rays after refraction through the prism. 

The object-glass of this telescope will receive the pencils 
proceeding from various points of the virtual spectrum VEy 
and will form a real inverted image of VR, which can be 
viewed by the eye-piece, and measurements of the lengths 
of its different parts made by the method explained in 
Art. 94. 

Instead of using the eye-piece, a screen may be placed 
in the position of the real image formed by the object- 
glass. A pure spectrum will thus be formed on this screeD 
which can be inspected at pleasure. 



V 




If the pencil be refracted through a number of prisms, 
the dispersion, as it is called, of the pencils of different 
colours is increased by each successive prism, and a much 
longer pure spectrum is formed than can be obtained with 
a single prism. 

110. An apparatus specially adapted for forming and 
lowing the pure spectrum of tiie light from any source is 
^Ued a spectroscope. 
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It consists essentially of three parts. First, a tube 
closed at one end with the exception of a fine slit, through 
which the light is admitted ; secondly, of a prism or seiies 
of {H-isms so placed that the light which has come through 
the slit and down the tube shall be refracted through them 
all at an angle of minimum deviation; and, thirdly, of a 
telescope placed so as to receive the light after refraction 
through these prisms. 

The whole is usually mounted on a stand and is pro- 
vided with the means of measuring the deviation of any 
particular ray. 

In order to obtain great length of spectrum it is essen- 
tial to use a large number of prisms. It is clear however 
that the diverging pencil of light of any particular colour, 
which comes originally from the slit, would in this case 
have attained a considerable breadth before its incidence 
on the last prism, and probably a considerable portion of 
the light would be finally lost as well as indistinctness 
produced in the final image by reason of the very diflferent 
lengths of glass traversed by diflferent portions of the same 
pencil. To obviate this, a lens is placed in the tube which 
carries the slit, so that the slit is in its principal focus. 
The diverging pencil emanating from each point of the slit 
is thus reduced to a pencil of parallel rays, the width of 
which for each colour will not increase, as it passes through 
Successive prisms. 

This construction is equivalent to removing the virtual 
images F,..B of the slit, in the last article, to an infinite 
distance. 

Spectroscopes are also constructed, in which either by 
total internal reflection, or by deviation in opposite direc- 
tions through prisms with difi'eient dispersive powers 
(Arts. 114, 115), there is considerable dispersion without 
any deviation. These are known as direct vision spectro- 
scopes, and are very convenient for many observations. 

• 111. The angle between the axes of the pencils which 
converge to v and r respectively can be easily deduced in 
terms of the angle of incidence of the axis of the incider' 
pencil and the refractive indices for red a3id>i\Q\!^\>x%:^%. 
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Let <l> be the angle of incidence, fi the index of refrac- 
tion for mean rays. Let ^', yj/, yfr have their usual meaning 
for mean rays, and let <l/„, yl/v, V^« denote the same quanti- 
ties for the violet rays, <^'r, «A'r, V'*-* for red rays. Let fi„ ih 
be the refractive indices, and />«, Dr the deviations for 
these rays respectively. 

Then by Art. 60, 

But sin i/r, = fi, sin ?//, = jm, sin {% - <^,) 

= fi« sin i . cos c^',— ft, sin ^'« cos t, 
=fi«cos<^'v.sin«— sin 0. cost. 

Similarly sin^^ =ftrCos0V.8int— sin ^. cost; 
.'. sini/r,— sini/^r =5(/i»cos<^'»— /Li,.cos0V)8in«. 

But fi« sin <^'« = sin ^ ; 

Similarly fir cos ^V= >/ftr^- sin *^ ; 

/. 2sm ^ ^ .cos ^ ^ 

= sin i {\//i,2- gin*^- «y^«-sin*0}, 

_ 8ini(fl«,*--jHr*) 

N//i»^-8in'*0-f- n/jli^'— sin*^* 

Also j/r, + j/r^ = 2»/r nearly, 

and n//*,^ - 8in*<^ + N/fir" - 8in*<^ = 2^/i* - 8in'<^ nearly. 
Hence we get 

sm ^' ^ = sm -^ 



2 2^/ft''*-sin'<^ . cos iff 

^ (f*,-/ar)sin» 

2C08^\OOS^' 
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which gives us the value of D^-Dn that is the angle sub- 
tended by rv, in Art. 109, at the point O. 

It is clear that the linear distance rv will approxi- 
mately =/0^!^)_?Ln t^ if fhQ the focal length of the 

cos (p . COS ^f 

lens O, 

112. When a pure spectrum is obtained from the sun's 
light, it is found that it is not a contmuous band of light, 
but that it has a very large number of intemiptions, or 
places where the light does not exist. If the spectrum be 
formed from a slit, these interruptions appear as fine lines 
parallel to the edge of the prism, and consequently per- 
pendicular to the length of the spectrum. 

The number of these lines that can be seen increases 
with the number of the prisms, the purity of the material 
of which they are composed, and the fineness of the slit 
through which light is admitted. A very large number of 
them have been observed and their relative positions very 
accurately determined by measurement. 

It is found that the same lines always occur in the same 
order, whatever may be the size or nature of the prism, 
and they are thus known as the fixed lines of the solar 
spectrum. 

Some of the more important and well marked of these 
lines are taken as points of reference for the spectrum and 

denoted by the letters A, B^ G, D, E, F^ , and the 

position of any ray is determined by its position relative to 
these fixed lines. 

For representations of the solar spectrum the reader is 
referred to those in Roscoe's Spectrum Analysis, and to 
other similar treatises. 

113. It is found that the solar light reflected by the 
planets or the moon gives the same spectrum as the direct 
solar light, while that from the fixed stars presents differ- 
ent fixed lines from the solar spectrum. 

Thus it appears that the solar spectrum is something 
essentially belonging to the sun itself. 

The light from any glowing hot body, solid or flu* * 
with only a single known and perhaps problem&tilfiaL 
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ception in the earth Erbia, is found to give a spectrom 
without any interruptions or fixed lines. 

On the other hand, when by any means a body in a 
sufficiently attenuated gaseous state is rendered luminous, 
as by enclosing it in a glass tube, and passing the spark of 
an induction coil through it, the spectrum formed is very 
different, and consists of a number of isolated bright lines. 

It is farther found that, when light from a highly heated 
incandescent body is made to pass through any gas of lower 
temperature than the source before falling on the spectro- 
scope, the spectrum formed is no longer continuous, but has 
interruptions at precisely those points where bright lines 
would have been formed by the glowing gas itself if 
rendered sufficiently luminous. 

We thus have a physical explanation of the fixed lines 
in the solar spectrum. 

The body of the sun is supposed to be in a very hot 
semifluid or fluid state. This body would of itself give a 
continuous spectrum. It is supposed that this central 
body is surrounded by a cooler and therefore absorbent 
gaseous atmosphere, which contains portions of the elements 
existing in the sun's body which have been vapourised by 
the great heat. 

The passage of the sun's light through this atmosphere 
produces the fixed lines in the spectrum. 

By comparing the fixed lines in the sun's spectrum 
with the bright lines given by the vapours of various terres- 
trial substances, it has been inferred that several of these, 
as hydrogen, iron, sodium, &c., exist in a state of vapour 
in the sun's atmosphere, and that therefore probably tiliose 
of them which can there assume a solid state exist in a 
solid or fluid state in the body of the sun. 

Similar inferences have been made about the constitii- 
tion of various orders and classes of the fixed stars. 

The spectra given by some of the nebulae consist of a 
all number of isolated bright lines. It is thence inferred 
b these nebulse are really masses of luminous gaseous 
iter, in which nitrogen and hydrogen are the chemical 
nents most frequently observed. 
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114. It is clear from the last few Articles that in all 
cases where refraction takes place we shall have correspond- 
ing to each incident ray, not one, but an infinite number of 
refracted rays. 

For instance, the formula, 






which gives the position of the focus of a pencil after direct 
refraction through a thin lens, will give •& different value of 
V for each different value of ft. Hence corresponding to 
one original point of light there will be a series of points as 
images of it, of different colours, arranged along the axis of 
the lens. 

The object-glass of an Astronomical Telescope will thus 
form a series of images of the original object, one behind 
the other and of different colours. 

The question arises, is it possible to find a remedy for 
this and other effects which may arise from the fact of 
light being decomposed into its elements by refraction? 
Newton supposed that there was no remedy, and was hence 
led to turn his attention to the construction of reflecting 
telescopes. Later discoveries have showed that a remedy 
can be partially, if not perfectly, applied. 

115. If a pencil of white light be passed through a 
prism, it is deviated and also separated into a number 
of different pencils of different colours. If a second prism 
of the same material ancl size be interposed so as to deviate 
the pencil equally in the opposite direction, it is found that 
the dispersion is also corrected, and the pencils of different 
colours all proceed in the same direction as the original 
pencil ; and in fact reproduce white light, without any de- 
viation from the original direction. 

If the second prism be of a different material, and be of 
such a refracting angle as to produce the same deviation of 
the mean ray, as the former prism, but in an opposite 
direction, it is found that the dispersion is not completely 
corrected. 

Thus in prisms of different materials, which give tl 
name deviation, the dispersion is not always the 6ais\A. 
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On the other hand, since in prisms of the same mate- 
rial the dispersion is found to increase with the deviation, 
it follows that it will be possible to take two prisms of 
different materials which shall give the same disp^rsioD, 
with different deviations. 

If then a pair of such prisms be placed so as to deviate 
a pencil successively in opposite directions, the disp^sions 
will be equal and opposite, that is, on the whole there will 
be no dispersion, while the deviations will not be equal, or, 
there will be deviation without dispersion. 

The above remarks are strictly true only if we consider 
two particular rays of the spectrum. 

It is found, for instance, that if A, B,C represent three 
particular rays of the spectrum, the ratio of <Jie dispersion 
of A and B to that of A and G is different for different 
media. Thus if with two prisms of different media we give 
A and G equal dispersions in opposite directions, the dis- 
persions of A and B in the two prisms will not usually be 
equal and opposite. 

Achromatic combinations will thus in general only 
exactly unite two rays, and will be only imperfectly achro- 
matic. 

The fact on which this imperfection depends is called 
ihs irrationality qf dispersion, 

116. Before proceeding to apply these principles to 
the investigation of Achromatic combinatioos of lenses we 
must define the dispersive power of a medium. 

The dispersive power of a medium may be defined 
generally as the ratio which the difference of the deviations 
of any two rays at opposite ends of the spectrum bears to 
the deviation produced in a ray somewhere in the middle 
of the spectrum, which we may call the mean ray, when a 
ray of white light passes through a prism formed out of 
this medium. 

This ratio varies with the angle of the prism. For the 

ike of precision we will therefore define the dispersive 

. ower of a medium as the limiting value of the above ratio 
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when tiie angle of the prism is indefinitely diminished. 
This will not differ much from its value for moderate 
ingles of the prism. 

Let f( be the refractive index of the medium for the 
mean ray, jli*, /Xr its refractive indices for two rays at the 
videt and red ends of the spectrum respectively. Let 
2>, 2>«, Dr be the deviations of these rays. 

Then the dispersive power of the medium is the limit 
of the ratio *^ * * when the angle of the prism is indefi- 
nitely diminished. 

But since we are finally to assume the angle of the 
prism indefinitely small, we may use the last formula in 
Art 60, and we have 

Hence the dispersive power 

This fraction is usually denoted by the symbol to-. 

117. If two thin lenses be placed in contact with a 
common axis, and a pencil of light be directly refracted 
through the combination, the distances u and v of the 
point of light and itd image respectively from the common 
centre of the lenses are connected by the formula 

' = 7+7 (-A^rt- 76), 

fii/i being the focal lengths of the lenses. 

Now as above explained (Art. 114) /i and f^ will differ 
for the blue and red rays, but if we can arrange the focal 

lengths so that ;r + ^ shall have the eaxod y&bie for the 

two rays we aelect, the value of v ¥n[Sl\>Q\)E!L<b ^^»ai<^ Vst HX^^s^ 
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rays, and the corresponding images of the origiual point of 
light wiU coincide. 

The Talue of j for the red rays will be 

" <--')C-}). 

and for the ray at the other end of the spectram it will be 

o--'>e-))- 

The difference between these is 



- 7^ i " 



o.-.)a-;)=a, 



if ^1 be the dispersive power of the medium of which this 
lens is composed. 

Similarly, if -ctj be the dispersive power of the sooond 

medium, the difference of the values of ^ for the red and 

blue rays, will be ^- . 

Hence in order that the two images may coiocide, we 
must have ^^ + ^^=0. 

This, therefore, is the condition that two lenses placed 
in contact with a common axis may form an Achromatic 
combination. It is clear that /i and f^ must have opposite 
signs; one lens must therefore be convex and the -other 
concave. 

The object-glass of an achromatic Astronomical Tele- 
scope is formed of two lenses, one concave and the other 
convex, placed in contact, the focal length of the convex 
being the shorter, so that the combination may be convex 
on the whole, and by the above formula the concave lens 
must have the greater dispersive power. 
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In consequence of the irrationality of dispersion such a 
ombination will not unite all the images,* but it can be 
oade to uaite any two of the most important complement - 
j*y colours, and will in so doing bring the others nearer 
o each other. 

118. The refraction through the eye-piece of an astro- 
lomical telescope being excentrical, the axes of the pencils 
indergo deviation, and this deviatioii will be different for 
he rays of different colours of which the pencil is com- 
)08ed. 

To form an achromatic eye-piece it is necessary to 
arrange two lenses so that the deviations of two rays 
)ef(mging to the two ends of the spectrum in passing 
hrough the combination shall be equal. 

It will nearly ensure this if the value of the focal lengtli 
if the equivalent lens investigated in Art. 76 is the same 
or the two rays. The investigation in that Article, it may 
»e noticed, depends on the deviation of an excentrical ray 
ncident parallel to the axis. 

In practice two convex lenses are always employed, and 
ve will therefore take the second formula in that article 



J" fi A AA' 

19 A being the numerical values of the focal lengths of the 
enses. 

As in the last article the differences in the values of 

~ and ^ . for rays at the two ends of the spectrum are 
i A 

^ and -— respectively. 

Hence the whole alteration in the value of-p:is 

F 

CTi ^ 'STa ^ (l+CTi)(l-t-CT,)-l 

ji A AA 

md this must vanish^ if the combination ia ^\fic^\£L^<;^ 
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If the lenses be of the same material sr,='arj, and the 
condition for achromatism becomea 

1 ^ 1 ^(2+tar) ^^^ 

or since tr is a small quantity, approximately we have 

1 1 2a 

fi Ji fif% 

.-. /i+/j=2a. 

This condition is satisfied by Huyghens' eye-piece, sinoe 
in that combination the focal lengths are f and Q/* respec- 
tively, and a is %f. 

Ramsden's eye-piece is not achromatic, as it does not 
satisfy the above condition. 

The above investigation only applies strictly to an 
excentrical ray incident parallel to the axis, but it wiH 
approximately hold for all rays which are not very obHqne. 
The condition of achromatism, in fact, yaries with the 
obliquity. 

119. It is usual to add a proposition on the oonditioD 
of achromatism of a pencil refitted through two prisms. 

If the angles of the prisms be small, the condition is 
very simple and easily found. 

Let i, i' be the angles of the prisms, 

}i, fi their refractive indices for the mean ray» 

2>, ly the deviations of the mean ray in {Mssing 
through them, 

tr, or' their dispersive powers, 

:.D=(fi-l)i, 2>'=0*'-l)i'. 

Hence the deviation of the red ray on the whole wHl 
equal 

and that of the violet ray on the whole will be 

OA,-l)» + (fi.'-l)i'. 
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But if the combination be achromatic these deviations 
nost be equal ; 

/. (/A, -flr)i + {lJ^'- fir) i' - 0, 

The deviations must obviously therefore' be in opposite 
Urections and inversely proportional to the dispersive 
powers of the media. 

The formula of Art. Ill will enable the student to 
leduce a condition of achromatism when a ray of white 
Jght passes through two prisms of finite angles. 



EXAMPLES. CHAPTER IX. 

1. If the prism in Newton's experiment be first placed in 
•he position of minimum deviation for red rays, and afterwards 
n the position of minimum deviation for violet rays, examine in 
i^bich case the longer spectrum will be obtained. 

2. Shew that if the prism employed to produce a pure spec- 
irmn be not in the position of minimum deviation, a pure spec- 
bnim can be still produced on a screen. Must the screen be 
placed at the primary or secondary focus of the pencils after 
refraction through the lens in Art. 109 ? 

3. If the screen be placed in a plane perpendicular to the 
iirection of the light before it passes through the prism in New- 
ton's experiment, prove that for a given position of the edge of 
the prism the length of the spectrum will be proportional to 

{fj^ - f/) sin » 
cos* D cos (D + i-ip) cos <p ♦ 

Mv) Mr being the refractive indices for the extreme rays, D the 
mean deviation, i the angle of the prism, and <p, if> the angles of 
incidence and refraction at the first surface. 

4. The refractive index of a medium for the two rays at the 
red and violet ends of the spectrum being 1*63 and 1*66 respec 
tively, calculate the dispersive power. 
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5. Calculate the dispersive power of a medium for which 
the refractive indices for the same two rays are ]'53 and 1'54 
respeciively, and find the ratio between Ihe focal lengths of two 
lenses formnd of the media in this and the last example, that the 
combination may form an achromatic object-glass for an astro- 
nomical telescope. 

6. Prove that, if / be the focal length of a lens, tr its dis- 
persive power, V the distance from the centre of the lens of the 
point to which a pencil of mean rays is made to converge, the 
distance between the foci of red and violet rays for the same 

incident pencil is approximately —^ . 



7. The dispersive power of a medium is *036. The focal 
length of a lens formed of it being 3 feet for mean rays, find the 
distance between the extreme images of the sun formed by the 
lens. 

8. The refractive indices of one medium for three partioolar 
rays of the spectrum are 1*628, 1*642 and 1*660 respectively. 
Those of another medium for the same rays are 1 *525, 1*533 and 
1*541 respectively. Show that these values exhibit a difference 
of dispersive power and also the irrationality of dispersion. 

9. Prove that if be the angle of incidence of a ray of 
white light on a prism of mean refractive index /i and dispersive 
power tsr, and 4>i be the angle of emergence of the mean ray £rom 
a second prism of mean refractive index fi, and dispersiye power 
tSTi, the combination will be achromatic if 

. tan = . tan o, . 



CHAPTER X. 

MISCELLANEOUS THEOKEMS. 



120. TN the present Chapter we shall collect some mis- 
JL cellaneous Propositions and experimental facts 

which do not exactly belong to the general train of investi- 
gation, but which are usually included in the subject of 
Geometrical Optics. 

121. It is a well-known fact that light requires time 
for its propagation. 

This fact is proved by two astronomical phenomena. 
It was foimd, by a comparison of diflferent observations, 
that the eclipses of Jupiter's Satellites, which are pheno- 
mena of great importance in determining the longitude at 
sea, appeared to happen later or earlier than their calcu- 
lated times, according as Jupiter was farther from, or 
nearer to, the earth. By comparing the times of happen- 
ing of such eclipses when Jupiter was nearest to the earth, 
with their times when Jupiter was at his greatest distance 
from the earth, the time taken by light to travel a 
known distance, the diameter of the earth's orbit, was dis- 
covered, and hence the velocity of light was known. 

A nearly equal value of the velocity of light was deter- 
mined by ijie phenomenon of aberration ; a small displace- 
ment in the position of a star which was discovered by 
Bradley to arise from the composition of the velocity of 
light with that of the earth. For a full account of this 
phenomenon the reader is referred to any treatise oi 
Astronomy, 
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122. The velocity of light has also been determined bj 
direct experiment in two ways, one of which we will de- 
scribe. In this, which is known as Fizeau's method, 
from the name of its inventor, the light is made to travel 
from one station to another at a distance of two or three 
miles from the first and back again ; and the time in whidi 
this distance is traversed is determined in the foUowing 
manner. 

Fig. (1). 





O is the object-glass of a telescope, E its eye-pieoa l%e 
telescope is placed at the one station, and is pointed to 
the other station, at which is placed a convex lens whose 

Fig. (2). 




centre is C and whose axis nearly coincides with that of 
the first telescope. At the focus of this lens behind it 
is placed a mirror B whose axis coincides with that of the 
lens (7, and which is best made as a portion of a sphere 
whose centre is C. 

Near the eye-piece of the telescope a small leois F is 
placed in the side of the tube of the telescope. Outside 
and in front of this lens, as at ^, is placed a candle or 
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himmous point of some description. The rays from A fall 
on the lens F and are refracted by it so that they would 
conyerge to a point within the tube of the telescope. A 
piece of plane glass is placed to intercept these rays before 
they converge, and being placed at an inclination of 45^ to 
the axia of the telescope, reflects the pencil so that its axis 
After reflection is parallel to that of the telescope. The 
rays will thus converge to some point, as P, and then 
diverge and fall upon the object-glass 0, The positions of 
A^ F, and ^ are so chosen that the point P is at a dis- 
timce from equal to the focal length of the object-glass. 
The pencil from P will thus emerge as a pencil of parallel 
lays, whose direction is parallel to PO, The light will pro- 
ceed to the second station, fall upon the lens C, and be 
refracted to converge to a point on the mirror B, By this 
mirror the rays will be reflected back on to the lens C and 
again emerge as parallel rays in their original direction. 
They will come back to the lens and be made to converge 
to the point P, whence again diverging, some of them vrill 
pass through the plane glass H and fall on the eye-piece Ey 
thus giving to the eye vision of a bright point at P, 

123. A wheel represented in Fig. (2) having a lai^ 
number of equal teeth, the space between any two conse- 
cutive teeth being just equal to the width of one tooth, 
and which can rotate about an axis through its centre per- 
pendicular to its plane, is placed with its plane at right 
angles to the axis of the telescope. It is so placed that as 
it rotates its teeth shall just pass through the point P and 
consequently, as the wheel is turned round, the light which 
comes into the eye will be stopped whenever a tooth is at 
P, and will pass when an opening is at P. 

If the wheel be at rest with an opening at P, the light 
will pass out and in just as before ; but if we can make the 
wheel turn with such a velocity that the light which went 
out through an ox)ening shall just find a tooth in its way 
when it comes back, the light will be altogether prevented 
Irom reaching the eye. 

It is dear that if there be n teeth and n openings, 

the wheel must be turned through an angle - while th 
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light travels from one station to the other and bade, in 
order that the light which went out at each point of anj 
opening may be stopped by the corresponding point of the 
next tooth. 

If therefore we can measure the rate of rotation of the 
wheel when it is moving just so fast as to stop all light in 
returning, we can determine the velocity of light. 

This was done by M. Fizeau, and the result agreed n/rf 
nearly with that obtained from Astronomical observations, 
but gave a result very slightly smaller. The velocity deter- 
mined by this experiment is in f&ct the velocity of light in 
air, while that determined from Astronomical phenomena 
is nearly its velocity in a vacuum. 

124. It is clear that if the velocity of the wheel either 
slightly fall short of, or slightly exceed, this particular ve- 
locity, some portion of the light will get through. 

Thus, if we begin by making the wheel revolve slowly, 
only that portion of light which passes out through the 
last part of an opening will be stopped in returning ; but, in- 
asmuch as half the light will be stopped in passing out by 
the teeth, either the appearance will be that of an inter- 
mittent light if the velocity be very slow, or will be a 
continuous light of less than half the brightness which 
it had when the wheel was stationary, if the rotation be 
so rapid that a continuous impression is produced on the 
retina. 

As the wheel rotates more rapidly, more of the light 
which goes out at any opening will be stopped by the next 
tooth, and the image will gradually grow fainter, until we 
reach the exact velocity which causes all light to be 
stopped. 

If the wheel be made to revolve still faster, some of 
the light which went out at the end of one opening will 
come back through the beginning of the next opening, 
Emd a faint image will reappear, which will continually 
increase in brightness as the velocity of the wheel ifl^ 
increased, until, when this velocity is just double of that 
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ivliicli produced the total eclipse, all the light which passed 
>ut through one opening will return through the next. 

An image of half the brightness of the original point of 
jght will thus be seen. 

Making the wheel revolve still faster, some of the light 
irill begin to be stopped by the second tooth, and the 
t>rightDes8 of the image will decrease, until, with a ve- 
locity three times that which gives the first eclipse, all 
bke light which passes out at any opening will be stopped 
in returning by the second tooth, and there, will be a 
second total eclipse. 

By proceeding in this way, a series of maxima of bright- 
ness, alternating with eclipses, will occur, and by mea- 
iuring the velocities of rotation of the wheel which produce 
bhem, we can obtain a series of independent determinations 
3f the velocity (rf light. 

125. The other method of determining the velocity of 
light by experiment depends on the use of a revolving 
mirror. Its special value consists in determining the 
oUfference between the velocities of light in air, and in 
passing through a dense medium, as water, respectively. 

A description of this method, known as Foucault's 
method, can be found in Billet's Traite d^Optiqvs Phy* 
nque, § 36, or in Parkinson's Optics, Art. 47^« We shall 
aot describe it here. 

126. When light from any source falls on any surface, 
3ome portion of the light is scattered and makes the sur- 
Buse visible. The proportion of the quantity of light 
icattered to the whole quantity that is incident, de- 
pends very much on the nature of the surface. Thus, 
when light falls on a smooth piece of glass, scarcely any 
[>f it is scattered, while, when the same light falls on a 
piece of white paper, a very large part of it is scattered, 
uid the paper appears brightly luminous. 

This scattered portion may, however, when the nature 
of the surface remains unchanged, be assumed to be pro- 
portional to the whole quantity of light which i& \\v(A.dsst 
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and there are one or two propositions in relation to it* 
which are of some interest. 

127. We must first give the following definitions: 

The illumination at any point of a surface, uniformlj 
illuminated from any source of light, is measured by tiie 
quantity of light scattered by a unit of area of the sur- 
face. 

The illumination at any point of a sur&ce, not uni- 
formly illuminated, is measured by the quanti^ of light 
which would be scattered by a unit of area of the surface, 
supposed illuminated uniformly with the same intensity 
as the point considered. 

Thus, if Ik be the whole quantity of %ht scattered by 
a portion of the surface, whose area «c is so small that it 
may be supposed uniformly illuminated, / will clearly be 
the illumination of a unit of area equally illuminated with 
this small element, and will thus be the measure of the 
illumination at any point of the element of area. 

128. If a pencil of light proceed Ax)m any point, and 
we imagine sections of this pencil made at various dis- 
tances and inclinations, the quantity of light which &lls 
on planes placed so as to coincide with these sections wlQ 
be the same ; and thus the illumination at any point of 
any one of them will evidently vary inversely as the area 
of the section, always supposing the pencil so small tiiat 
the illumination may be supposed imiform over eadi sec- 
tion. 

Let us now suppose to be the vertex of such a pencil, 
which we will assiune to be in the form of a right cone 
whose axis is OP, 
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Let / measure the illumination at any point of a 
section CD of this cone, made by a plane at right angles 
to OP J at a unit of distance from O. 

Let F represent the illumination at any point of a 
section AB of this cone, made by a plane which cuts the 
axis of the cone at a distance OP from O, and is inclined 

to OP at an angle -— ^, so that B is the angle of incidence 

of the light on this plane, that is, the angle between OP 
and the normal to this plana 

Then, the quantity of light falling on these two sections 
being the same, we have 

I '.r :: area of section AB : area of section CD, 

But if we draw through P a section EF at right angles to 
OP, this section will be to the section CD in the ratio of 
the squares of their radii, that is, in the ratio of the squares 
of their distances from ; 

/. area of section jEF=area of section CD x OP^. 

Again, since we suppose the solid angle of the cone to be 
very small, we may suppose the section EF to be the 
orthogonal projection of AB on the plane EF. 

Hence, by the theory of projection, 

area of ^^=area of AB x cos ^ ; 

cos^ 



.*. area of section CD = area oiABx 
But 



OP^' 
r area of section CD 



I area of section AB ' 

„ r, r cos B 

Hence /'=/. ^^. 

Hence since, if the source of light and the material of 
the surface on which the light falls be given, the value of / 
is a definite quantity, we may say 

J., cos 3 ^ 
•* * OP'^ ' 

that is, the illumination produced at any point of a 
surface of given material by a given &o\iic^ ol ^<^^^wi 
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directly as the cosine of the angle of incidence, and in- 
yersely as the square of the distance of the point of the 
surface from the source of light. 

129. By means of this principle, instruments have 
been devised for comparing the intensities of different 
illuminating sources. 

It is clear that for different sources of light the quantity 
/of the last article will be proportional to the intensity of 
the source, and may therefore be taken as a measure of the 
intensity in any particular case. 

If then we dispose two screens of the same material in 
such a manner that the illumination produced at definite 
points of them by the two sources of light shall be equal, we 
shall only have to measure the values of OP and cos 6 for 
the two sources of light, and, the values of F being the 
same in the two cases, the ratio of the two yalues of / will 
be obtained. 

This method is practicable because, althongh tiie eye is 
not able to judge of the ratio of the intensities of two 
illuminations which differ from each other, it can judge 
tolerably accurately of the equality of two illunainations. 

130. One very simple method is to allow a screen to 
be lighted by both sources of light, and to place a stick 
between this screen and the two sources. Each light will 
cast a shadow of the stick on the screen, and the lights 
must be moved until these shadows appear of equal dark- 
ness. The screen being lighted by both lights and each 
shadow only lighted by one, it is clear that when this is the 
case the illuminations produced on the screen by the lights 
will be equal ; and if the lights be so placed that the angle 
of incidence is the same, the illuminating powers of Uie 
lights will be directly as the squares of their distances from 
the screen. 

131. Another contrivance for effecting the same thing 
msists of a screen of paper, the greater portion of which 

rendered translucent by being soaked with oil, while a 
nail circular portion in its centre is left opaque. The two 



\ 
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Ughts whose intensities are to be compared are placed on 
4>ppo6ite sides of this screen. If the lights be placed at 
equal distances from the screen, the opaque part of the 
screen will appear bri^ter than the translucent part on 
that side on which is the stronger light, while on the other 
«ide, the reverse will be the case. A reflector is placed 
4>n each side of the screen, inclined at an angle of 45" to it, 
so that an observer standing opposite to the edge of the 
screen can see the reflections of the two sides simultane- 
ously. If the lights are adjusted so that the illuminations of 
the two sides appear equal, the intensities of the lights are 
directly proportional to the squares of their respective 
distances from the screen. 

132. A possible disadvantage attending the arrange- 
ment described in the last Article is, that the reflections of 
the two sides of the screen are seen one by the right eye 
and the other by the left eye of the observer, and the two 
eyes of the same person are seldom of exactly the same 
power. This defect is obviated in Ritchie's Photometer. 

This consists of an oblong box open at each end; about 
the middle of this box are placed two reflectors CD^ ED 
inclined at 45® to its length, and cut from the same piece 




.of glass, to ensure equality of reflecting power; just above 
the line of intersection of these mirrors and parallel to this 
line is a slit in the top of the box, covered with a piece of 
parchment or paper. 

The lights to be compared are placed, one opposite to 
each end of the box, so that the light from them falls on 
the mirrors CD and DE^ and is reflected so as to illuminate 
the parchment which covers the slit. An eye lookii 
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down on this parchment, through a tube blackened in- 
ternally so as to prevent extraneous light from interfering, 
will see the two parts of the parchment illuminated by the 
two sources of light respectively. The lights must be 
moved till these two parts appear equally bright ; the in- 
tensities of the lights are directly proportional to the 
squares of their distances from the mirrors when this is the 
case. 

133. The calculation of the illumination produced at a 
given point of a surface by a finite illuminating surfeu^ 
involves a principle which may be thus stated : 

Any self-luminous surface of uniform brightness i^pears 
equally bright, whatever may be its distance from the eye 
and at whatever angle it may be inclined to the line of 
sight. 

For instance, in looking at a mass of uniformly heated 
glowing iron in a furnace, the eye is unable to detect any 
variation in the apparent brightness of the different por- 
tions of iron due to their different distances or different 
inclinations to the line of sight. 

Another illustration is afforded by the the fact that the 
different portions of the sun's disc appear equally bright) 
although they are at different distances and inclinations to 
the line of sight. 

Thus we may say generally that any portion of a 
luminous surface sends as much light to the eye as any 
other portion of the same surface, at whatever distance, or 
however placed, which subtends the same solid angle at the 
eye. 

As a particular case of this proposition, any element of 
the surface will send out obliquely an amount of li^t 
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which is to that which it emits directly, in the ratio of sin B 
to unity, 6 being the angle which the direction of emission 
makes with the surface. For if PQ be any element of the 
surface, and PE the oblique direction of emission, the 
amount of light emitted in that 'direction will only be the 
same as would be emitted directly by a portion of the 
surface PH^ where QH is drawn parallel to, and PH 
perpendicular to, PE, But PH==PQ&mB, whence the 
required result follows. 

134. Let AB be any uniform illuminating surface, and 
let P be any point in a plane at which the illumination is 
required. With P for vertex and with the boundary of 
AB for base, describe a cone. Also with centre P and 
any radius Pa describe a sphere which will cut this cone 




in some curve db. If the portion of the surface of the 
sphere contained within this curve were supposed to be of 
illuminating power equal to that of AB, by the last Article 
the illumination produced by it at P would be the same as 
that produced by AB, 

Let e be any small element of this spherical surface, 
and let 6 be the angle which eP makes with the plane at P. 
Then, if C be the intrinsic illuminating power of AB, the 
illumination produced by ^ at P will, by Art. 128^ 

_/Y sin^ _ C, e sin 
'^•^•(P^"~ Pa' • 
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But e sin B is the projection of the small area « on the 

plane in which P lies, since » ~^ is the angle between that 

plane and the element e. Hence the whole illanmiation 
produced by AB at P 

V X projection of surface included within the curve ab on plane at^ 



Pd"^ 
a formula which can often be made of use in calculation. 

135. A useful and important example of the last 
Article is found in the investigation of the illumination 
produced at any point of a surface by a uniformly luminous 
sphere. 

Let O be the centre of the luminous sphere, a its ra^ns. 
Let P be the point in the surface at which the illumination 
is required to be found, and let B be the angle between OP 




and the tangent-plane to the surface at P, that is, the plane 
with which a small element of the surface at P may be 
supposed to coincide (Art. 9). Let OP^c, 

Let lines be drawn from P touching the sphere. It is 
clear that all these lines will lie on a right circular cone 
whose vertex is P and whose semivertical angle is the 

angle whose sine is - . "With centre P, and any radius Pa, 

c 

describe a sphere, which will cut the cone in a circle ab. 
The projection of the portion of t1ie spherical surface in- 
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dnded by this circle on the plane at P is the same as the 
': projection on the same plane of the area of the circle itself, 
' and therefore equals 



t 



Tr.Pa^sin«OP^ 8in^=7r. Pa*. ^ sind. 

<r 

Hence the illumination at P produced by the sphere 

= TT-i ^ ^ sm 

Cna* . /, 
= — -^ sm if. 

This expression gives the illumination at a point P. 
The illumination on the element of surface containing P is 
obtained by multiplying this expression by the area of the 
element 



EXAMPLES. CHAPTER X. 

1. If the wheel in Fizeau's experiment have 720 teeth and 
make 21^ turns in a second, when the first eclipse takes place, 
fmd the velocity of light; the distance between the stations being 
three miles. 

2. The light from two sources is allowed to fall on the same 
screen. One light is at a distance a and the light falls directly 
from it on the screen. From the other, which is at a distance 8a, 
the light falls at an obliquity of 60®. The illuminations of the 
screen from the two sources being equal, compare the intrinsic 
brightness of the two lights. 

3. A luminous point is placed at the focus S of an ellipse. 
Two focal chords PSp and QSq are drawn. Shew that the sum 
of the illuminations of the arcs PQ and j^ is the same as long as 
the angle PSQ is the same. 

Hence find the whole illumination of the perimeter of the 
ellipse. 
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4. A very narrow band of uniform breadth k is bent into 

the form of an elliptical hoop. A luminous sphere, of radius a 

and intrinsic brightness I, is placed with its centre at the focoK 

of the ellipse. Shew that the whole illumination of the hoop is 

4T'a' kI 
equal to = — i where L is the latus rectum of the ellipse. 

5. Find the position of a bright point which equally illami- 
nates the three sides of a given triangle. 

6. A small plane area is placed at right angles to the axis of 
a paraboloid of revolution whose convex surface is uniformly 
luminous. Prove that the illumination produced at the point of 
the plane where it meets the axis varies inversely as the distance 
of this point from the focus of the paraboloid. 

7. A small plane area is placed parallel to a plane lamma of 

intrinsic brightness /, of breadth 2a, and of infinite length, at a 

distance c from the centre of the lamina in a line perpeudicular 

to the lamina. Prove that the illumination at the centre of the 

, . iral 

plane area is , . 

8. Shew how to calculate the illumination produced by a 
window on a point of the floor directly in front of the centre of 
the window : the window being supposed to reach to the level of 
the floor. 

9. Two spheres are luminous, and a small plane area is 
placed on a line joining their centres, its plane being perpendicu- 
lar to this line. Find where it must be placed in order that its 
two surfaces may be equally bright. 

10. Three equally bright points are placed at the angular 
points of an equilateral triangle. If a plane area be placed at 
the centre of the triangle in any manner, shew that it will be 
equally bright on both sides. 

11. A triangular prism, whose nine edges are all equal, is 
iced with one of its rectangular faces on a horizontal table, and 
ominated by a sky of uniform brightness ; shew that the total 
iminations of the inclined and vertical faces are in the ratio of 

*V3tol. 
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12. A luminous poiut is placed on the axis of a truncated 
conical shell; prove that the whole illumination of the shell 
Taries as 

where o^^, a^ are the radii of the circular ends of the shell, and c^y 
c^ the distances of the luminous point from their planes. 

13. The sides of a triangle are the bases of three infinite rect- 
angles of the satue brightness, whose planes are perpendicular to 
the plane of the triangle : shew that all points within the triangle 
are equally illuminated. Find the position of a point in the 
plane of the triangle, such that the illuminations at that point 
received from the three rectangles may be equal. 
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CHAPTER XL 



THE EAINBOW. 
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136. TN this Chapter we propose to give a brief 
X explanation of the formation of a Rainbow, as 

far as it can be done by the principles of Geometrical 
Optics. 

137. If a pencil of parallel rays falls on a refracting 
sphere, some portion of the light will be reflected exter- 
nally, some portion will be refracted into the sphere. Of 
this latter part, when it is incident internally at the surface 
of the sphere, some portion will emeige, and another portion 
will be reflected internally, and be again incident on the 
internal surface of the sphere. At this second incidence 
the same division will again take place, and so on, at each 
successive internal incidence. 

The primary and secondary rainbows are produced by 
portions of sunlight which, having been incident on raindrops, 
emerge after one or two internal reflections respectively. 

We have therefore to consider mainly the drcumstanoes 
attending the refraction and reflection of these portions in 
the case of light incident on a sphere of water. 

138. Let PQ be the axis of a pencil of parallel rays 
ndent on a refracting sphere at Q, refracted at Q along 
% reflected internally at R, and again incident at S. 
t ST he the direction of that part which emerges at S, 
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and SU the direction of the reflected part, which is inci- 
dent internally again at Uy where sonae part of it emei^es 
along UV, 




We shall first examine the positions of the primary foci 
of the pencils emerging at S and U respectively. 

Let <^ be the angle of incidence at Q, <^' the angle of 
refraction. It is plain that 0' will also be the angle of 
incidence at R, S and U, and that ^ will be the angle 
of emei^ence.at S or U, 

Let fi be the index of refraction, r the radius of the 
spihere. Let g'l, g'j, q^ be the primary foci after refraction 
at Qi reflection at R, and emergence at S respectively. 
Let q^, $6 be the primary foci after reflection at /Sand 
emergence at U respectively. Then, by Art. 46, since* the 
incident pencil consists of parallel rays, 

^ ar cos' <i' 1 

^*- /iCOS0'-COS<^ 
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But QR = 2r cos <^' ; /. Rq^ = 2r cos d,' M^cos'f 

^ ft cos ^'-008^ 
,, UCO8 0' — 2C08<f) 

= rcos0 .'^ ^, ^ , 

fi COS (f} — cos^ 
And by Art. 45, 

Rq^ Rq^ r cos <^" 
whence /?^.=rco8.^'.^-j;^|^J; 

^* ^ ft cos ^'-3 COS ^ 

But by Art. 46, 

-COS^C^ -COS<i-COS0' 

ft cos^ y M 

«.l.^/w» C/y _ ^COS<^rfiCOS<^^-4COS0) • 

whence 'S'.^s- 2(;.co8 0'-:2cos^) W' 

By proceeding in this way it will be easy to obtain a 
second result 

jj^^ r cos <^ (/i cos 0^-6 cos 0) 

^^'"' 2 (jjL cos <i>' -3 cos <l>) (2). 

We may notice incidentally that Sqz and Uq^ respec- 
tirely become infinite, that is, the rays in the primary 
plane emerge as a pencil of parallel rays after one or two 
internal reflections, when 

2cos<^=/iCos^', 

3cos0=/icos0', 

respectively. 

139. We shall now restrict ourselves to the considera- 
tion of the portion of light which emerges after one internal 
lection. 

The deviation of the axis of the pencil at Q is clearly 
^'; at R its deviation is 2jr-2^'; and at ^S' it under- 
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goes a farther deviation in the same direction of 0-^'. 
Its deviation on the whole is therefore 

= 27r-2{0'-(<^-<^O}. 

• Now we know by Articles 6Q and 62, that <^— ^' 
increases as tf/ increases, but that for a given increment 
given to ^', the increment of ^— <^' is larger, the larger the 
valae of ^\ 

Hence if we take a series of pencils whose axes are in- 
cident on the sphere at different angles, beginning with 
direct incidenee and gradually increasing the obliquity, 
^—0' and (f/ will both increase, but at first the increment 
of <^ - <^' will be less than that of <^', while finally the incre- 
ment of <t> — <fi may be greater than that of ^'. Hence in 
this case there must be some value of <^^ for which the in- 
crement of <^— </>' is just equal to that of 0'. 

When <^' is small we thus have on the whole 2<^'— <^ 
increasing and therefore the deviation of the axis decreas- 
ing, while when <^' is large we have 2<^'— <^ decreasing, and 
thus the whole deviation increasing. 

There is therefore a value of <f/ such that the deviation 
is a minimum, and this value is evidently given by the 
above condition that the alteration in </>— <^^ for a given 
small change of <^' is exactly equal to the alteration in the 
value of 4>'' 

This value of 0' we proceed to investigate. 

140. Let <^' be changed to <^' + a where a is small, then 
by the above condition, the new value of <^— <^' must ex- 
ceed the old value by a. Hence if ff>i be the new value of 
0, we must have 

•*• <Ai = <^ + 2o; 

.'. sin (<^ + 2a) = ft sin (<^' + o) ; 
but 8in</> = fA8in<^'; 

A.Q,0, X 
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,\ sin(f^+2a)-8in0=fi{8in(0'+o)— sin^'}; 
/. 2 cos(<^ + a).8ina=2/[iC08(<^' + |j.8m^; 

.'. 2 cos(<^ + o),cos-=/[iCos (<^'+f ) ; 

or, since a is to be a very small increment, this gives ns 

2 cos </>=/! cos 0'...(1). 

If a real value of 0' can be determined from this equa- 
tion, for that value the deviation will be a minimum. It will 
be noticed that (i) is also the condition that the oblique 
pencil may emei^e after one internal reflection as a pencil 
of parallel rays (Art 138). We have also 

sin <^ = ft sin <^'... (2). 

Squaring and adding these two equations we obtain 

4 cos' </> + sin^ ^ = /ii' ; 

/. 3cos'</>=fi2-l; 



.'. cos<^ 



"V 3 ' 



which gives the angle of incidence for a minimum deviation. 
In order that the value of (j) may be real, fi*— 1 must be less 
than 3, or fi must be less than 2. This is the case with 
water. 

141. Let us now consider a beam of sunlight inddont 
on the surface of a raindrop. Let O be the centre of the 
drop, SO the direction of incidence of the sun's light. Let 
SQ be that ray which is incident on the drop at the angle 
<^ discovered in the last article, SF any other ray. 

The ray which comes in the line SO is reflected ba<^ 
along OS, and its deviation is 180®. As the point of inci- 
dence passes from A towards Q, the deviation decreases 
and the ray which emerges after one internal reflection 
comes out in a direction continually more and more inclined 
to OS, until, when the ray is incident at Q, the direction of 
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emergence attains its greatest angalar distance from OS; 
when the point of incidence passes Q, the deviation again 
increases and the ray emerges at a less inclination to 0S» 

Also, considering the whole beam of sonlight which 
comes on to the upper half of the drop, as made up of a 
number of small pencils, the pencil whose axis passes with 
minimum deviation alone emei^ges as a pencil of parallel 
rays in the primary plane. 

Thus if an eye be placed at a considerable distance from 
this drop, the only light which will produce any great im- 
pression on the eye will be that which emerges with mini- 
mum deviation, as all the other small pencils will have 
diverged considerably before they reach the eye, and only 
a very small portion of them will enter the eye. 

142. Let us now suppose -4, J?, (7, 2) to be a number of 
raindrops arranged in a vertical line, and let sunlight come 
upon them all. Let an eye be so placed that light, which is 
emergent from B with minimum deviation after one inter- 
nal reflection, enters it. From A, which is above B, it is 
clear that no light will enter the eye, while from B strong 
light will enter the eye. From Csome faint light will enter 
the eye, caused by divergent pencils whose deviation is 
slightly greater than the minimum, and a little sensiblOi 
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illumination from drops a little lower still. Thus the eye 
will see a bright point in the direction of B^ while there 
will appear to be no light above B, but light rapidly di- 
minishing in intensity below B, 

Through E draw a line EF parallel to the direction of 
the incident sunlight. Then it is clear that, if we draw 
any plane through EF inclined to the vertical, a similar 
appearance will be produced by i^e raindrops which at any 
instant lie in this plane. 

Thus on the whole there will be seen a portion of a 
ring of light, whose apparent angular radius is the angle 
BEF, and whose centre is in the line EF, that is, exactly 
opposite to the direction of the sun ; outside this ring is 
comparative darkness, while within it there is a certain 
amount of illumination, decreasing as we recede from the 
border. 

143. We have hitherto taken no account of the different 
refrangibilities of the various rays of which sunlight is 
composed. 
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The angle (^, obtained in Art. 140, and consequently the 
minimum deviation, will however be different for different 
values of /n. The statements of the last Article will be true 
for each kind of light, but the size of the rings being differ- 
ent for different values of /x, there will not be a bow of 
white light but a series of bows, partly overlapping each 
other, corresponding to the different rays of the spectrum. 
The only important point to be investigated is the variation 
of the size of the ring for different values of the refractive 
index. 

The angular radius of the bow in any case is easily seen 
from the figure in Art. 141 to be 2 (2<^'— <^). In fact the 
bow will be largest when the minimum deviation is least. 

Now sin (2<^' — <^) = sin 2<^' cos <j> — cos 2<^' sin <^ 
= 2 sin <^' cos <^' cos <^ - (cos* <^' - sin^ <^0 • /* sin <^' 
= ft sin 0' cos* <^' — ft sin <t> (cos^ <^' — sin*<^'), 
(since when the deviation is a minimum ft cos (^'=2 cos d>), 

=ftsin°^' 
_ sin^ (f) 

Butco80 = ^^S :.sia<i>=J^. 

Hence if a be the angular radius of the bow corre- 
sponding to any value of ft, we have 

. a__(4-ft2)* 
^'''2" 3ftV3 • 

It is evident from this formula that the greater the 
value of ft, the less will be the value of a. Hence the red 
bow has the largest radius. Within the red bow will be a 
series of bows, of colours somewhat mixed but gradually 
varying from red to violet. Inside this coloured border 
will be a space of sky sensibly brighter than the average 



166 The Rainbow, 

while beyond the red margin the sky will appear compara- 
tively dark. 

These phenomena are not affected by the fact that the 
raindrops are not stationary. If a shower of rain be falling 
and sunlight be incident on the drops, a series of drops in 
rapid succession will appear in the direction of ^ in 
Art. 142, and a continuous impression will be produced on 
the eye. 

144. A somewhat similar investigation applies to the 
light which emerges after two internal reflections, and 
which produces the secondary rainbow. The deviation of 
the ray in this case is 

47r-2(3<^'-^). 

And by reasoning similar to that in Art 139, it can be 
shewn that the deviation will have a minimum value 
when 

3cos0=ficos0'; 

whence cos <j> = /^ ^~~^ • 

For this value of 0, a small pencil will consist of parallel 
rays in the primary plane on emei^gence after two internal 
reflections (Art 138). 

In the accompanying figure PQ is the incident ray 
which passes with minimum deviation, and finally emerges 
along TU, The deviation being 47r - 2 (3<^' — <^), it is clear 
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that the angular radius of the bow is less than this by 2^, 
or is equal to 27r— 2 (3<^'— </>). 

It will be found that if ^ be a drop from which light 
enters the eye with minimum deviation after two internal 
reflections, no light will enter the eye from drops below A, 
while faint light will reach the eye from drops above A, 
Thus the space within the secondary bow will be darker, 
while outside the bow will be light gradually £a,ding away. 

The minimum deviation can be shewn to increase with 
ft. Hence the radius of the bow, which increases with the 
minimum deviation, is greatest for violet light and least for 
red light. 

The radius of the secondary bow is considerably larger 
than that of the primary bow. 

145. Eainbows may theoretically be produced by light 
which has been internally reflected more than twice, but 
the intensity of the light diminishes so rapidly at each re- 
flection that they cannot be seen practically with sunlight. 

The theoretical investigation of such rainbows can be 
carried out in a similar way to that in which we have dis- 
cussed the primary rainbow. 



MISCELLANEOUS EXAMPLES. 

1. If a pencil of parallel rays be incident obliquely on a 
refracting sphere, and emerge after one internal reflection with 
the least possible deviation, prove that the distance between the 

(4 — IJ^T 

primary and secondary foci after the first refraction ia , — ; 
r being the radius of the sphere. 

2. Shew that if /3 be the angular radius of the seoondaiy 
bow corresponding to any value of fi. 



sm 
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8. If bubbles of air were rising in water, would a fish tee • 
bow corresponding to a rainbow ? 

If drops of liquid of mean refractive index 2 were falling in 
the air, what would be the order of colours in the bow whidi 
would be formed ? 

4. A very short-sighted person, who is capable of sedng 
nothing distinctly beyond 3 inches, is able to see distinctly a 
small object distant 3^ inches, through a pane of glass whose 
refractive index is | : find the thickness of the glass. 

5. Four convex lenses, whose focal lengths are a, h, hf a 

respectively, are placed at intervals a+h,2h — — r , a+ 6, on the 

same axis : shew that a pencil of light, after refraction through 
all four lenses, diverges from the point from which it originally 
emanates. 

6. A lens is moving with velocity p perpendicular to its 
axis, and an object at a distance a from the lens is moving with 
a velocity q across the axis in the opposite direction. Find the 
focal length of the lens, that to an eye on the other side of tiie 
lens iihe object may appear at rest. 



« 
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7. A cylinder is made of a transparent surface whose refrac- 
tive index is greater than V^ ; ^^^ that when it is looked into 
by an eye situated anywhere on its axis produced, the whole of 
tbe inner curved surface will glisten brightly as compared with 
tbe inside of the opposite end. 

8. Two rays proceed from the foci S, ^7 of an ellipse, along 
the lines 8P and HQ and are reflected at the ellipse ; find the 
poeition of a plane mirror so placed that each ray after reflection 
at tbe mirror may return to the focus ; and proye that the sum of 
the lengths of the paths of the rays is constant for all positions 
of/'andQ. 

9. A ray is refracted from vacuum through a series of plates, 
whose refractive indices are such that the ray suffers an equal 
amount of deviation a at each boundary. If /u,. be the absolute 
refractive index of the r^ medium, prove that /t^ sec a is a har- 
monic mean between ^a^.^ and /i^^. 

10. Two parabolas have a common focus and axis, and their 
concavities are turned in the same direction. The inner surface 
of the outer parabola and the outer surface of the inner can 
reflect light A ray of light starts from a point P on the outer 
towards the focus, and after 2n reflections strikes the inner again 
at Q. Shew that the distance traversed by the ray is greater 
than the difference of the distances of P and Q from the focus by 
n times the difference of the latera recta. 

11. A transparent sphere is silvered at the back, prove that 
the distance between the images of a speck within it formed (1) 
by one direct refraction, (2) by one direct reflection and one 

direct refraction is ~, r-; s-r, a being the radius 

of the sphere, and c the distance of the speck from the centre, 
measured towards the silvered side. 

12. Q is a liuninous point situated anywhere on the cir- 
cumference of a reflecting circle, QP is any ray incident at P ; 
PQf is the chord of the circle in the direction of the reflected ray. 
If 9 be the point in which this reflected ray cuts the ray reflected 
from a point consecutive to P, prove that Q'q=2Pq, 

18. A ray of light, traversing a homogeneous medium, is 
inoident on a globular cavity within it; aup^on^ tb^ limit q€ 

A, a. o. VI 
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the magnitade of the deTiation of the ray, produced by its passing 
through the oavity, to be ^, proye that the index of refraction of 

the medium is lec ^ . 

14. A reflecting polygon of an even number of sides can be 
inscribed in a circle: prove that if a ray of light proceeding from 
a point in any side returns to the same point after having been 
reflected at each side in succession, it will retrace its path. 

15. An eye is placed close to the surface of a sphere of glass 
which is silvered at the back ; the refractive index from air to 
glass being f , prove that the image which the eye sees of itself 
is f of the natural size. 
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as the editors have formed their texts from a careful examina- 
tion of the best editions extant, it is )>elieved that no texts 
better for general use can be found. 

The volumes are well printed at the Cambridge 
University Press, in a i6mo. size, and are issued at short 
intei'vala. 



NOVUM TESTAMENTUM Graecum, Textus Stephanici, 
1550. Accedunt variae lectiones editionum Bezae, Elze- 
viri, Lachmanni, Tischendorfii, Tregellesii. Curante F. 
H. SCBIVENER, A.M. 4«. 6d. 

An Edition with wide margins, price 75. 6d, 

AESCHYLUS, ex novissima recensione F, A. Palbt, A.M. 
Price 3s. 

CAESAR BE BELLO GALLICO, recensuit G. Long. 
A.M. 18, 

CICERO BE SENECTUTE ET BE AMICITIA 
ET EPISTOLAE SELECTAE, recensuit G. Long, 
A.M. 18. 6c{. 

CICERONIS ORATIONES. Vol. i. Recensuit G. Long, 
A.M. 33. 6d. 

EURIPIDES, ex recensione F. A. Palet, A.M. Vol. I. 
3*. 6d. Vol. II. 3«. 6d, Vol. m. 3a. 6d, 

HERODOTUS, recensuit J. W. Blakesley, S.T.B. 
1 Vols. 3s. 6rf. each VoL 

HOMERI ILIAS. Lib. I. — XII. ; ex noyissima recensione 
F. A. Palet, A.M. 2«. 6d, 

HORATIUS, ex recensione A. J. Macleans, A.M. 
Price 28, 6d, 

JUVENALIS ET PERSIUS, ex recensione A. J.Macleane, 
A.M. 18. 6d, 

LUCRETIUS, recognovit H. A. J. Monro, A.M. 28. 6d, 

. SALLUSTI CATILINA ET JUGURTHA, ex recen- 
sione G. Long, A.M. I8, 6d, 

TERENTIUS, relegit et emendavit Wilhelm Wagner, 
Ph. B. 38. 

THUCYDIDES, recensuit J. G. Donaldson, S.T.P. 
1 Vols. 3«. ^d, each Vol. 

VERGILIUS, ex recensione J. Conington, A.M. 3*. 6d, 

XENOPHONTIS EXPEDITIO CYRI, recensuit J. F. 

MaCMIOHAEL, A.B. 28. 6d. 

OTHERS IN PREPARATION. 
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ARITHMETIC AND ALGEBRA. 

Arithmetic. By the Rev. C. Elsee, M.A., Mathe- 
matical Master at Rugby. Fourth Edition. Fcap. 8to. ig. 6d. 

Elements of Algebra. By the Rev. C. Elsee, M,A. 

New Edition, enlarged. Fcap. 8to. it. 

Arithmetic for the use of Schools and Colleges. 

By A. WRIGLET, M.A., Profeaaor of Mathematics in the Imte Royil 
Military College. Addiscombe. 8«. 6(2. 

Principles and Practice of Ajrithmetic. By the Rev. 

J. HIND. Ninth Edition, with Questions, it. 6d. 

««• KEY, with Questions for Examination. Second Edition. 6f. 

A Progressive Course of Examples in Arithmetic. 

With Answers. By the Rev. JAMES WATSON, M.A., of Corpus 
Cliristi College, Cambridge, and formerly 8«nior Mathematical Master 
of the Ordnance School, Garshalton. Seeonti Edition, revited and ear- 
reeled. Fcp. 8vo. 2t, 6d. 

Elements of Algebra. By the Rev. J. HiNB. Sixth 

Edition, revised. 640 pp. 8vo. lOt. 6d, 

Pelicotetics, or the Science of Quantity. An Ele- 
mentary Treatise on Algebra and its Groundwork Arithmetic. By 
ARCHIBALD SANDEMAN, M.A. 8to. 20f. 

TRIGONOMETRY. 

Trigonometry required for the Additional Subjects 

for Honours at the Previous Examination, aooording to the new 
scheme sanctioned by the Senate June 1866. By J. M'^DOWELL, 
M.A., Pembroke College. Crown 8vo. Zt. 6d. 

Elementary Trigonometry. By T. P. Hudson, 

M.A., Fellow of Trinity College. 8#. 6d. 

Elements of Plane and Spherical Trigonometry. 

By the Rev. J. HIND. Fifth Edition. 12mo. 6t. 

Solutions of the Trigonometrical Problems proposed 

at St John's College, Cambridge, from 1829 to 1846. By THOMAS 
GA8K1N, M.A., late Fellow and Tutor of Jesus CoUege, Cambridge. 
87a ds. 



DEIGIITON, BELL AND CO. CAMBRIDGE. 5 

MECHANICS AND HYDROSTATICS. 

Mechanics required for the Additional Subjects 

for Honours at the Previous Examination, and for the Ordinary B.A. 
Degree. By J. M«DOW£LL, M.A, Pembroke College. Crown 8to. 
3s. Qd. 

Elementary Hydrostatics. By W. H, Besant, 

tf .A., late Fellow of St John's College. Fcp. 8vo. is. 

Elementary Hydrostatics for Junior Students. By 

B. POTT£B, M. A., late Fellow of Queens' College, Cambridge, Professor 
of Natural Philosophy and Astronomy in University College, London. 
7s, (kl. 

Mechanical Euclid, Containing the Elements of 

Mechanics and Hydrostatics. By the late W. WHEWELL, D.D. 
Fifth Edition. 6s, 

Elementary Statics. By H. Goodwin, D.D., Bishop 

of Carlisle. Fcp. 8vo, cloth, 3s. 

Elementary Dynamics. By H. Goodwin, D.D., 

Bishop of Carlisle. Fcp. Svo, cloth, 3s. 

A Treatise on Statics. By the Rev. S. Eabnshaw, 

M.A Fourth Edition. Svo. 10s. 

Problems in illustration of the Principles of Theo- 
retical Mechanics. By W. WALTON, M.A. Second Edition. Svo. IBs. 

Treatise on the Motion of a Single Particle and 

of two Particles acting on one another. By A. SANDEMAN. Svo. 8s. M. 

Of Motion. An Elementary Treatise. By the Rev. 

J. R. LUNN, M.A., late Fellow and Lady Sadleir's Lecturer of St 
John's College. Svo. 7«. 6cl. 

An Elementary Treatise on Mechanics. For the 

use of Junior University Students. By RICHARD POTTER, A.M., 
F.G.P.S , late Fellow of Queens' College, Cambridge. F(mrth Editum, 
revised. Ss. Gd. 
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A Treatise on Hydromechanics. By W. H. 

BESANT, M. A. 8vo. Second Edition, enlarged. 10s. 6d. 

Problems in illustration of the Principles of Theo- 
retical Hydrostatics and Hydrodynamics. By W. WALTON. M.A. 
8to. 10<. 6d. 

Collection of Elementary Problems in Statics and 

Dynamics. Designed for Candidates for Honours, first three daySi By 
W. WALTON, M.A. 8vo. 10#. 6d. 

GEOMETRY, CONIC SECTIONS, &c. 

Exercises on Euclid and in Modem Greometry, 

containing Applications of the Principles and Processes of Modern 
Pure Geometry. By J. M<^DOW£LL, M. A.,F.B.A.S., Pembrolie College, 
pp. xxxi, 800. Crown 8vo. 8s. 6d. 

First Lessons in Theoretical Geometry for Schools. 

By T. G. VYVYAN and 8. W. LOCK, Fellows of Caius College, 

Cambridge, and Mathematical Masters at the Charterhouse. 

[/n the Press. 

The Geometry of Conies for beginners. By 

C. TAYLOR, M. A., Fellow of St John's College. Crown 8vo. Zs. 6d. 

Text Book of Geometry. By T. S. Aldis, M.A., 

Trinity College, Cambridge. Small 8vo. As. 6d. Part L Angles- 
Parallels— Triangles— Equivalent Figures— Circles. 2s. 6d. Part IL 
Proportion. 2s. Sold separately. 

The object of the work is to present the subject simply and concisely, 
leaving illustration and explanation to the Teacher, whose freedom text- 
books too often hamper. Without a Teacher however this work "vnll possibly 
be found no harder to master than others. 

As far as practicable, exercises, largely numerical, are given on the dif- 
ferent Theorems, that the pupil may learn at once the value and use of 
what he studies. 

Hypothetical constructions are throughout employed. Important Theo- 
rems are proved in more than one way, lest the pupil rest in words rather 
than things. Problems are regarded chieflv as exercises on the Theorems. 

Short Appendices are added on the Analysis of Reasoning and the Appli- 
cation of Arithmetic and Algebra to Geometry. 

Elementary Analytical Geometry for Schools and 

Beginners. By T. G. VYVYAN, Fellow of Gonville and Caius College, 
and Mathematical Master of Charterhouse. Second Edition, revised. 
Crown Svo. 7*. 6d. 

Tiilinear Co-ordinates, and other methods of Modem 

Analytical Oeometrp of Two Dimensions. By the Rev. W. ALLEN 
WHITWORTH, M.A., Professor of Mathematics in Queen's College, 
Liverpool, and late Scholar of St John's College, Cambridge. 8to. 16s. 
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An Introduction to Plane Co-ordinate Geometry. 

ByW. P.TURNBULL, M.A.,^eUowofTrinityCoUege. 8vo. 12*. ' 

Elementary Geometrical Conic Sections. By "W. H. 

BESANT, M.A.. late fellow of St John's College. Fcap. 8vo. 4«. 6d. 

Conic Sections. Their principal Properties proved 

Geometrically. By the late W. WnEWELL, B.D., Master of Trinity. 
Third Edition. 8to. 2f. 6d. 

The Geometrical Construction of a Conic Section. 

By the Bey. T. GASKIN. Svo. 8s. 

The Solutions of Geometrical Problems, chiefly in 

Plane Co-ordinate Geometry, proposed at St John's College, from Dec. 
1880 to Dec. 1846, with an Appendix containing several General Proper- 
ties of Curves of the Second Degree. By THOMAS GASKIN, late 
Fellow and Tutor of Jesus College. 8vo. 12s, 

Problems in illustration of the Principles of Plane 

Co-ordinate Geometry. By W. WALTON, M.A. 8vo. 16*. 

The Elements of Conic Sections. By J, D. 

HUSTLER, B.D. Fourth Edition. 8to. 4s. 6d. 

A Treatise on the Application of Analysis to Solid 

Geometry. By D. F. GREGORY, M.A. and W. WALTON. M.A. 
Second Edition. Svo. 12s. 

Elementary Treatise on Solid Geometry. By W.' 

8. ALDIS, M.A. Svo. Sf. 



DIFFERENTIAL AND INTEGRAL CALCULUS. 

An Elementary Treatise on the Differential Calcu- 
lus. By W. H. MILLER, M.A. Third Edition. Svo. (is. 

Treatise on the Differential Calculus. By "W. 

WALTON, M.A. Svo. 10*. 6d. 

Geometrical Illustrations of the Differential Calcu- 
lus. ByM. B. PELL. Svo. 2s. ed. 
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ASTRONOlffT. 

An Introduction to Plane Astronomy. For the 

Use of Colleges and Schools. By P. T. MAIN, M.A., Fellow of 
Bt John's CollAg«. Second Edition, with additions, it. 

Practical and Spherical Astronomy for the nse 

chiefly of Students in the Uniyenities. By the Bev. B. MAIN, M.A, 
BadclifFe Observer, Oxford. 8va 14c. 

BrUnnow's Spherical Astronomy. Translated by 

the Bey. B. MAIN, M A., F.B.S., Badcliffe Observer. Part I. In 
clndini; the Chapters on Parallax, Befraction, Aberration, Preoesrion, 
and Nutation. 8vo. Si. 6d, 

Elementary Chapters on Astronomy from the 

"Astronomie Physique " of Biot By H. QOODWIN, D.I>. Kshop 
of Carlisle. 8vo. is 6d. 



An Elementary Treatise on Elliptic Functions. By 

A. OAYLEY, Sadlerian Professor of Mathematics in tbe Universitv of 
Cambridge. Prepanng. 

Of False Discontinuity, with illustrations from 

Fourier's Theorem and the Calculus of Variations: by M. M. U. 
WILKINSON, M. A., late Fellow of Trinity CoUege. 8vo. U.M. 

Notes on the Principles of Pure and Applied 

Calculation ; and Applications of Mathematical Principles to Ttieories 
of the Physical Forces. By the Bev. J. CHALLI8, M.A.. F.R.8.. 
F.B.A.S., Plumian Professor of Astronomy and Experimental Philo- 
sophy in the University of Cambridge, and Fellow of Trinity Ooll^. 
8vo. 16*. 

An Essay on the Mathematical Principles of Phy- 
sics, with reference to the Study of Phjrsical Science by Candidates for 
Mathematical Honouis in the University of Cambridge. By the Bev. 
JAMEH OHALLIS, M.A., F.R.8., F.B.A.S., Plumian Professor of As- 
tronomy and Experimental Philosophy in the University of Cambridge, 
and Fellow of Trinity College. 8vo. 6i. 

Choice and Chance. ByWiLLiAM AllenWhitwobth, 

M.A., Fellow of St John's. Second Edition, enlarged. Grown Svo. 6t. 

A Chapter on FresneFs Theory of Double Refrac- 
tion. ByW. 8. ALDIS, M.A. 8va 2». 

Notes on Roulettes and Glissettes. By W. H. 

BESANT. M.A.. Lecturer and late Fellow of St John's CoUege. Cam- 
bridge. 8yo. Zs. 6d. 

A Treatise on Dynamics of a Particle. By W. H. 

BESANT. Preparing. 

Elementary Course of Mathematics. Designed 

SrincipaUy for Students of the University of Cambridge. Bv H. 
fOODWIN, D.n.. Bishop of Carlisle. Sixth Edition, revised and en- 
larged by P. T. MAIN, M. A., Fellow of St John's College, Cambridge. 
Svo. 16f. 
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Mensuration. By B. T. Moore, Fellow of Pembroke 

College. With numerous Examples. Fcap. 8vo. 6s. 

Newton*s Principia : first three Sections with Ap- 

Sendix, and the Ninth and Eleventh Sections. By J. H. EVANS, M.A., 
t John's College. Edited by P. T. MAIN, M.A. Fcap. 8vo. it. 



Problems and Examples, adapted to the " Elemen- 
tary Course of Mathematics." B:r H. OOODWIN. D.D.. Bishop of Car- 
lisle. Third Edition, revised, with Additional Examples in Conic Sec- 
tions and Newton. By THOMAS G. V YVYAN, M.A., FeUow of Gon- 
ville and Caius College. 8vo. 6s. 

Solutions of Goodwin's Collection of Problems and 

FiXamples. By W. W. HUTT. M.A.. late Fellow of Gonville and Caius 
College. Third Edition, revised and enlarged. By the Rev. T. G. 
V YVYAN, M.A. 8vo. 8*. 

Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry. Logarithms, Trigonometry, Conio Sections, 
Mechanics, tec with Answers and Occasional Hints. By the Bev. 
A.WRIGLEY. Sixth Edition. 8vo. 8s. M. 

A Companion to Wrigley's Collection of Examples 

and Problems, being Illustrations of Mathematical Processes and 
Methods of Solution. By J. PLATTS, Esq., and the Rev. A. WRIGLEY , 
M.A. 8vo. 12s, 

Series of Figures Illustrative of Geometrical Optics. 

From SCHELLBACH, By the Rev. W. B. HOPKINS. Plates. 
Folio. 10s. 6d. 

A Treatise on Crystallography. By W. H. Miller, 

M.A. Svo. U.M. 

A Tract on Crystallography, designed for Stu- 
dents in the University. By W. H. Millbb, M.A. Professor of Mine- 
ralogy in the University of Cambridge. Svo. 6s. 

GTeometrical Optics. By W. S. Aldis, M.A., Trinity 

College. Fcap. 8vo. Ss. 6d. 

An Elementary Treatise on Optics. Part I. Con- 
taining all the requisite propositions carried to first Approximations ; 
with the construction of Optical Instruments. For the use of Junior 
Universitv Students. By RICHARD POTTER, A.M., F.C.P.8.. late 
Fellow of Queens' College, Cambridge. JTiird Edition, revised. 9s. 6d. 

Physical Optics, Part II. The Corpuscular Theory 

of Light discussed Mathematically. By RICHARD POTTER, M.A. 
Late Fellow of Queens' College. Cambridge, Professor of Natural Pbilo- 
lophy and Astronomy in University College, London. 7s, Sd, 
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The Greek Testament: with a critically revised 

Text : a Digest of Various Readings : Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Com' 
mentary. For the use of Theological Students and Ministers. By 
the late HENRY ALFORD, D.D. Dean of Canterbury. 
Vol. I. Sixth Edition, containing the Four Gospels. 11. 8i. 

Vol. II. Sixth Edition, containing the Acts of the Apostles, the 
Epistles to the Romans and Corinthians. 1/. 4f. 

Vol. III. Fourth Edition, containing the Epistles to the Oalatians, 
Ephesians. Philippians. Colossians, Thessalonians, — to Timotheus, 
Titus and Philemon. IBs. 

Vol. IV. Parti. Fourth Edition, containing the Epistle to the He* 
brews, and the Catholic Epistle of St James and St Peter. ISt. 

Vol. IV. Part II. Fourth Edition, containing the Epistles of St John 
and St Jude. and the Revelation. lU. 

Dean Alford's Greek Testament with English Notes, 

intended for the upper forms of Schools and for Pass men at the 
Universities. Abridged by BRADLEY H. ALFORD, M.A., Vicar of 
Leavenheath, Colchester ; late Scholar of Trinity College, Cambridge. 
Crown 8vo. Ids. 6d. 

Codex BezsB Cantabrigiensis. Edited with Prole- 
gomena, Notes, and Facsimiles. By F. H. SCRIVENER, M.A. Small 
4to. 26f. 

Companion to the Greek 'Testament. DesigDed 

for the use of Theological Students and the Upper Forms in Schools. 
By A. C. BARRETT, M.A.. Caius College. Second Edition, revised 
and enlarged. Fcap. 8yo. 5s. 

Butler's Three Sermons on Human N"ature, and 

Dissertation on Virtue. Edited by the late W. WHEWELL, D.D. With 
aPrefaceandaSyllabiisoftheWork. Third Edition. Fcap.Svo. 2s. 6d. 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. By W. G. HUMPHRY, B.I>. Third 
and Cheaper Edition, revised and enlarged. Fcap. 8vo. is. 6d. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Designed principally for the use of Candidates 
for the Ordinary B.A. Degree, Students for Holy Orders, &c, with 
College and Senate-House Examination Papers. By the Rev. T. R. 
MASKEW, M.A. Second Edition, enlarged. 12mo. 6s. 

An Analysis of the Exposition of the Creed, writ- 
ten by the Right Reverend Father in God, J. PEARSON, D.D., late 
Lord Bishop of Chester. Compiled, with some additional matter occa- 
sionally interspersed, for the use of Students of Bishop's College, Cal- 
cutta. By W. H. MILL, D.D. Third Edition, revised and corrected. 
8vo. 6s, 
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Hints for some Improvements in the Authorised 

Yerdon of the New Testament. By the late J. SOHOLEFIELD, M. A. 
Fourth Edition. Fcap. Svo. is. 

A Plain Introduction to the Criticism of the New 

Testament. With 40 facsimiles from Ancient Manuscripts. For the use 
of Biblical Students. By F. H. SCRIVENER, M.A. Trinity College, 
Cambridge. 8vo. 15f. 

The Apology of TertuUian. With English Notes 

and a Preface, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latinity. By H. A. WOODflAM, LL-D. Second 
Edition. 8yo. 8f. 6d. 



Six Lectures Introductory to the Philosophical 

Writings of Cicero. With some Explanatory Notes on the subject- 
matter of the Academica and De Finibus. By T. W. Lbyin, M.A., 
St Catharine's College, Inter-Collegiate Lecturer on Logic and Moral 
Philosophy. 8vo. 7s. 6d. 

The Academica of Cicero, to which this work is a practical intro- 
duction, is one of the Subjects for the Classical Tripos, 1874, 1875. 

.^schylus. Translated into English Prose, by 

F. A. PALET, M.A., Editor of the Greek Text. Second Edition, 
revised and corrected. 8yo. 7s. M. 

^schylus. The Persians of. Translated into Eng- 
lish Verse, by W. G UBNEY, M.A. Fcap. 8vo. 8*. 

.^tna. Revised, emended, and explained, by 

H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 
Svo. Ss. 6d. 

Aristophanis Comoediae superstites cum deperdita- 

rum fragmentis, additis argumentis, adnotatione critica, metrorum de- 
scriptione, onomastico et lexico. By the Rev. Hubbkt Holdxn, LL.D., 
late Fellow of Trinity College. Cambridge, Head Master of Ipswich 
School, and Classical Examiner to the University of London. Third 
Edition. 

Vol. I. containing the text expurgated with summaries and critical 
notes, also the fragments, ISs. 

The plays sold separately : Achamenses, 2s. Equites, Is. 6d. Nubes, 
Is.M. Ye8pae,2«. Pa,x,ls.6d. Aves,2«. Lysistrata et Thesmophoriazusae, 
Zs. Ranae, 2s. Ecclesiazusae et Plutus, Zs, 

Vol. II. Onomasticon Aristophanevm continons indicem geogra- 
phicvm et historicvm, 5s. 6d. (all piiblished). 
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Aristophanes. Pax, with an Introduction and 

EngliBh Notes. By F. A. PALEY, M.A. PostSro. it.6d, 

Cicero. The Letters of Cicero to Atticus, Bk. I. 

With Notes, and an Essay on the Character of the Author. Edited by 
A. PaETOB. M.A., late of Trinity College, Fellow of 8t Catharine's 
College, Cambridge. Post Svo. 4r. M. 

Demosthenes, the Oration against the Law of Lep- 

tines, with English Notes, and a Translation of Wolfe's Prolegomena. 
Edited by B. W. BEATSON, M.A. FeUow of Pembroke CoUege, Cam- 
bridge. Second Edition. Small 8vo. Us. 

Demosthenes de Falsa Legatione. Third Edition, 

carefully revised. By B. 8HILLBT0. A.M. 8vo. 8f.6d. 

Euripides. Fabulse Quatuor, scilicet, Hippolytus 

Coronlfer, Alcestis, Iphigenia in Aulide. Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac veterum Editionum emendavit et Annotationibus 
instruxit J. H. MONK. S.T.P. Editionova. 8vo. 12f. 
Separately— ^ivpolytva, 8yo, cloth. 6s. ; Alcestis, 8vo, sewed. 4r. 6d. 

Lucretius. With a literal Translation and Notes 

Critical and Explanatory, by the Bev. H. A. J. MUNBO, M. A., Fellow 
of Trinity College. Cambridge. Tliird Edition, revised throuf^out 
2 Vols. 8vo. Vol. I. Text, 16s. ToL II. Translation, 6s. May be had 
separately. 

Plato. The Apology of Socrates and Crito. With 

Notes, Critical and Exegetical, Introductory Notices and a Logiad 
Analysis of tiie Apology. By WILHELM WAGNEB, Ph. D. Post 
8vo. is.6d. 

Plato. The Phaedo. With Notes by W. Wagner, 

Ph. D. Post Syo. 6s. 6d. 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containing a Summary of the Argument. By 
E. M. COPE, M.A. Fellow of Trinity College. Cambridge. 8vo. 7*. 

Plato. The Protagoras. Greek Text revised, with 

an Analysis and EngUsh Notes. By W. WAYTE, M.A., hite 
Fellow of King's College, Cambridge, Assistant Master at Eton. 
Second Edition. Small 8vo. 4s. 6d. 

Plato. The Philebus. Translated with short Ex- 
planatory Notes. By F. A. PALBY, M.A. Fcp. 8vo. 4*. 

Plautus. Aulularia. With Notes, Critical and 

Exegetical, and an Introduction on the Plautian Metres and Prosody. 
By W. WAGNEB, Ph. D. 8vo. 9s. 
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Plautus. Trinummus. With Notes, Critical and 

Exegetical. By W. WAGNER, Ph. D. Crown 8vo. it. 6d. 

Propertius. Verse-Translations from Book V. With 

a Bevised Latin Te&t, and Brtef English Notes. By F. A. FALBT, M. A. 
Editor of Propertius, Ovid's Fasti, &c. Fcp. Svo. 8f . 

Quintilian. The Tenth Book. Latin Text, with 

Introduction, Analysis and Commentary. By JOHN E. B. MATOR> 
M.A., Fellow of St John's College, Cambridge. 10«. 

Terence. With Notes Critical and Exegetical, an 

Introduction and Appendix, By W. WAGNEB, Ph. D. Post 8to. 
10s. 6d. 

Theocritus, with short Critical and Explanatory 

Latin Notes. By F. A. PALET, M.A. Second Edition, corrected and 
enlarged, and containing the newly-discovered IdylL Crown 8vo. Am, 6d. 

Theocritus. Translated into English Verse by 

G. S. CALYERLE Y, late Fellow of Christ's CoUege, Cambridge. 7s. 6d. 

Thucydides. The History of the Peloponnesian 

War by Thucydides. With Notes and a careful Collation of tiie two 
Cambridge Manuscripts and of the Aldine and Juntine Editions. By 
RICHARD SHILLETO, ILA. Fellow of Peterhouse. Book L 8to. 
6s. M. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition, 
considerably enlarged. 8vo. 16s. 
Written with constant reference to the latest and most esteemed of 
Greek Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the late J. W. DONALDSON. D.D. Third Edition, 

considerably enlarged. 8vo. lis. 

Designed to serve as a convenient hand-book for those students who 
wisti to acquire the liatnt of writing Latin ; and with this view it 
is furnished with an Antibarbarus, with a full discussion of the most 
important synonyms, and with a variety of information not generally 
contained in works of this description. 

Varronianus. A Critical and Historical Introduc- 
tion to the Ethnography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.D. 
Third Edition, revised and considerably enlarged. 8vo. 16f . 

Exercises on Latin Accidence, by John E. B. 

MAYOR, M.A., Fellow of St John's College. Second Edition. Crown 
8vo. ls.6d. 
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Exercises on Latin Syntax, by J. E. B. Mayor. 

8 Parts, 6d. each 

Translations into Greek and Latin Verse. By 

B. 0. JEBB, Fellow of Trinity College and Public Oiator in the Uni- 
versity of Cambridge. Small 4to. 10«. 6d. 

The First Book of Pope's Homer's Iliad. Trans- 
lated into Latin Elegiacs. By the Hon. G. DENHAN. M. A., formerly 
Fellow of Trinity College, now one of the Judges of the Court of Com- 
mon Pleas. i>mall 8vo. Zt. 6d. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University 
Teaching. A Practical Essay on Liberal Education. By tiie late J.W. 
DONALDSON, D.D. Crown 8vo. 6s. 

Translations into Greek and Latin Verse. By 

B. C. JEBB. 4to, cloth gilt, 10s. 6d. 

Translations into English and Latin. By C. S. 

GALYEBLEr, late Fellow of Christ's College, Cambridge. Small 8vo. 
7*. 6d. 

Arundines Cami : sive Musarum Cantabrigiensium 

Lusus Canori. Collegit atque ed. H. DBUBY, A.M. Editio quinta. 
Cr. 8vo. 7*. 6<L 

Foliorum Silvula. Part the first. Being Passages 

for Translation into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Bev. HUBEBT HOLDEN, LL.D.. Head Master of 
Ipswich School. Late Fellow of Trinity College. Cambridge, Classical 
Examiner in the University of London. Sixth Edition. PostSvo. 
U.6d. 

Foliorum Silvula. Part the second. Being Select 

Passages for Translation into Latm Lyric and Comic Iambic Verse. 
Arranged and edited by the Bev. Dr HOLDEN. Third Edition. 
PostSvo. 5s. 

Foliorum Silvula. Part the third. Being Select 

Passages for Translation into Greek Verse. Edited with Notes by 
the Bev. Dr HOLDEN. Third Edition. PostSvo. 8s. 

Folia Silvuloe, sive Eclogse Poetarum Anglicorum 

in Latinum et Grsecum conversae quas disposuit HUBEBTUS 
HOLDEN, LL.D. Volumen Frius. Continens Fasciculos I. II. Post 
8vo. 10s. 6d. Volumen Alterum continens Fasciculos III. IV. 12s. 
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Foliorum Centurise. Being Select Passages for 

Translation into Latin and Greek Prose. Arranged and edited by 
the Kev. Dr UOLDEN. Fifth Kdition. PostSvo. 8s. 

Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek 
Verses of Shrewsburv School. By the Rev. GEORGE PRESTON, 
Fellow of Magdalene College, Cambridge. Small Svo. is. 6d. 

Sertum Carthusianum Floribus trium Sseculorum 

Contextum. Oura GULIBLMI HAIG BROWN, Scholae Carthusiana 
ArchididascaU. 8vo. lis. 

Mvsse Etonenses sive Carminvm Etonse Condito- 

rvm Delectvs. Series Nova, Tomos Dvos Complectens. 8vo. Ifi*. Kdidit 
RIC'ARDUS OKES, S.T.P., Coll. Regal, apvd Cantabrigienses Pnepo- 
sitYS. Vol. II., to complete Sets, may be had separately, phce 6s. 



Accidence Papers set in the Previous Examination, 

December, 1866. 12mo. 6d. 

Cambridge Examination Papers, 1859. Being a 

Supplement to the Cambridge University Calendar. 12mo. 2s. 6d. 

Containing the various Examiniation Papers for the Tear. With Lists 
of Ordinary Degrees, and of those who have passed the Previous and 
Theological Examinations. 

The Examination Papers o/ 1856, 1867 and B, 2s. 6d. each, 

map still be hcui. 

A Manual of the Roman Civil Law, arranged 

according to the Syllabus of Dr HALLIFAX. By G. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court, bvo. I'U. 

The Mathematical and other Writings of PtOBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. 
F^ted by WILLIAM WALTON, M.A., Trinity College, with a 
Biographical Memoir by H. GOODWIN, D.D , Bishop of Carlisle. 
8vo. 16<. 

Lectures on the History of Moral Philosophy in 

England. By the late Rev. W. WHEWKLL, D.D., formerly Master 
of Trinity College, Cambridge. New and Improved Edition, with 
Additional Lectures. Crown 8vo. %s. 

The Additional Lectures are printed separately in Octavo for the conve- 
nience of those who have purchased the former Edition. Price Zs. 6d. 

A Concise Grammar of the Arabic Language. Re- 
vised bv SHEIKH ALI NADY EL BARRANY. By the late W. J. 
BEAMONT, M. A , Fellow of Trinity College, Cambridge, and Incum- 
bent of St Michael's, Cambridge, sometime Principal of the English 
College, Jerusalem. Price Is. 

A Syriac Grammar. By G. Phillips, D.D., 

Preddent of Queens' College. Third Edition, revised and enlarged. 
8vo. 7*. 6i. 



Preparing, new Edition^ Foolscap Bvo. 

^t ^tutimt^sf (SuOrr to tt)( ^anibersfftp 

of Cambrilrge^ 

iNTRODtJcnoN, by J. R. Seelet, M.A. 
On Univkbsity Expenses, by the Rev. H. Latham, M.A. 
Ok the Choice of a College, by J. R. Seelet, M.A. 
On the Course of Reading for the Mathematical 

Tripos, by the Rev. W. M. Campion, D.D. 
On the Course of Reading for the Classical Tripos, 

by the Rev. R. Burn, M.A. 
On the Course of Reading for the Moral Sciences 

Tripos, by tlie Rev. J. B. Mayor, M.A. 
On thb^ Course of Reading for the Natural Sciences 

Tripos, by Professor LrVEiNft, M.A. 
On Law Studies and Law Degrees, by Professor J. T. 

Abdt, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, by Professor E. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by the Rev. J. R. 

LUMBY, M.A. 

Examinations for the Civil Service of India, by the 

Rev. H. Latham, M.A. 
Local Examinations of the University, by H. J. 

RoBY, M.A. 
Diplomatic Service. 
Detailed Account of the Several Colleges. 

The new Edition^ adapted to the recent altera- 
tionSf is now in preparation, and tvill it is hoped be 
issued in the autumn, 

'* Partly with the view of ftssisting parents, guardians, 
■choohnasters, and students intending to enter their names at 
the University — partly also fur the benefit of undergraduates 
themselves — a very complete, though concise, volume has just 
been issued, which leaves little or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
•useful, we know of few manuals that could compete with this 
Student's Guide. It reflects no little credit on the University 
to which it supplies an unpretending, but complete, intro* 
duction." — Saturday Review. 

^^A-V. 
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